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Global rigid inner forms and multiplicities of discrete 

AUTOMORPHIC REPRESENTATIONS 


Tasho Kaletha 


Abstract 

We study the cohomology of certain Galois gerbes over number fields. 
This cohomology provides a bridge between refined local endoscopy, as 
introduced in lKa!16l l. and classical global endoscopy. As particular ap¬ 
plications, we express the canonical adelic transfer factor that governs the 
stabilization of the Arthur-Selberg trace formula as a product of normal¬ 
ized local transfer factors, we give an explicit constriction of the pairing 
between an adelic L-packet and the corresponding 5-group (based on the 
conjectural pairings in the local setting) that is the essential ingredient in 
the description of the discrete automorphic spectrum of a reductive group, 
and we give a proof of some expectations of Arthur. 
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1 Introduction 


Let F be a number field and let G be a connected reductive group defined 
over F. A central question in the theory of automorphic forms is the de¬ 
composition of the right regular representation of G(A) on the Hilbert space 
L^L isc (Z(A)G(F) \ G(A)) or slight variants of it. Work of Labesse-Langlands 
1LL79I . Langlands 11 ,an83 l. and Kottwitz [ Kot84 1. on the Arthur-Selberg trace 
formula and its stabilization has provided a conjectural answer to this ques¬ 
tion. It is believed that there exists a group L p having the Weil group W y of 
F as a quotient. Admissible tempered discrete homomorphisms <f> from Lp 
into the /.-group of G correspond to /.-packets of tempered representations of 
G(A) and each tempered discrete automorphic representation belongs to one 
of these L-packets. However, not all representations in a given /.-packet 11,, are 
automorphic. It is expected that there exists a complex-valued pairing {—, —) 
between a finite group S 0 (closely related to the centralizer in G of the image 
of </>) and the packet II C , corresponding to b, which realizes each tt e lb, as (the 
character of) some representation of the group S$. The number 

m(<j),i t) = l ^ r 1 ^2 (x,tt) 
xES,/, 

is then a non-negative integer and is expected to give the contribution of the 
pair (tt, 0) to the G(A)-representation L^ jsc (Z(A)G(F) \ G(A)). In other words, 
the multiplicity of tt in the discrete spectrum is expected to be the sum of the 
numbers m(0, tt) as 0 runs over all equivalence classes of parameters with tt e 
n 0 . Arthur I Art891 [Art901 has extended this conjecture to encompass discrete 
automorphic representations that are non-tempered. We refer the reader to 
IIBR941 for more details. 

One of the main goals of this paper is to give an explicit construction of the 
pairing (—, —) based on the local conjectures formulated in !Kall6| . Such an 
explicit construction was previously known only under the assumption that G 
is quasi-split. In that case, the pairing (—, —) can be given as a product over 
all places of F of (again conjectural) local pairings (—, — } t , between the local 
analogs of S rJ , and 11 5) . Our contribution here is to remove the assumption 
that G is quasi-split. The main difficulty that arises once this assumption is 
dropped is that the local pairings (—, —)„ stop being well-defined, even conjec- 
turally. This is a reflection of the fact that there is no canonical normalization of 
the Langlands-Shelstad endoscopic transfer factor. Since the endoscopic char¬ 
acter identities tie the values of the local pairing with the values of the transfer 
factor, we cannot expect to have a well-defined local pairing without having a 
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normalization of the transfer factor. The problem runs deeper, however: Ex¬ 
amples as basic as the case of inner forms of SL 2 show that the local analog of 
S r! , doesn't afford any pairing with the local analog of II,,, that realizes elements 
of n 0 as characters of S 0 . 

One can attempt to deal with these difficulties in an ad-hoc way. For example, 
one could fix an arbitrary normalization of the transfer factor. This is certainly 
sufficient for the purposes of stabilizing the geometric side of the trace formula. 
However, it is insufficient for the purposes of interpreting the spectral side of 
the stabilized trace formula, and in particular for the construction of the global 
pairing. For example, it doesn't resolve the problem that the local 5,1-group 
doesn't afford a pairing with the local /.-packet. One could also introduce an 
ad-hoc modification of the local <S^-group, but then it is not clear what normal¬ 
izations of the transfer factor correspond to pairings on such a modification. 

In this paper, we overcome these difficulties by developing a bridge between 
the refined local endoscopy introduced in iKall 61 §5] and classical global en¬ 
doscopy. The results of IKall6l §5] resolve the local problems listed above. 
Namely, based on refinements of the notions of inner twist and endoscopic da¬ 
tum, they provide a natural normalization of the Langlands-Shelstad transfer 
factor and a modification of the classical local -group together with a precise 
conjectural description of the internal structure of local /.-packets. The latter 
takes the form of a canonically normalized perfect pairing between the local 
/.-packet and the modified 6),,-group. Using these objects, we obtain in the 
present paper the following results. 

1. We prove that the product of the normalized transfer factors of (Kall6i 
§5.3] is equal to the canonical adelic transfer factor involved in the stabi¬ 
lization of the trace formula (Proposition 14.4.T1 resp. Equation (14.8b ). 

2. We give an explicit formula for the global pairing (—, —} in terms of the 
conjectural local pairings introduced in IKall 61 §5]. Moreover, we prove 
that the global pairing (—, —} is independent of the auxiliary cohomology 
classes involved in its construction and is thus canonically associated to 
the group G (Proposition 14.5.21 resp. Equation 14.9b ). 

3. We prove an expectation of Arthur [ Art 13 Hypothesis 9.5.1] about the ex¬ 
istence of globally coherent collections of local mediating functions (Sub¬ 
section [46]l. 


Let us recall that the normalized local transfer factor and the conjectural local 
pairings depend on two refinements of the local endoscopic set-up: A rigid- 
ification of the local inner twist datum I Kali6 . §5.1] and a refinement of the 
local endoscopic datum IKall 61 §5.3]. If we change either of these refinements, 
the normalized local transfer factors and local pairings also change. An obvi¬ 
ous question is then, whether it is necessary to introduce the global analogs of 
these refinements into the global theory of endoscopy. The answer to this ques¬ 
tion is: no. The global theory of endoscopy needs no refinement. In particular, 
the results of the present paper fit seamlessly with the established stabilization 
of the Arthur-Selberg trace formula. 

However, we do need a bridge between refined local endoscopy and usual 
global endoscopy. The basis of refined local endoscopy was the cohomology 
functor fT 1 (rt —> W ) introduced in [ Kail 6 1 §3]. In order to relate this object to 
the global setting it is necessary to introduce certain Galois gerbes over number 
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fields and study their cohomology. There are localization maps between these 
global cohomology groups and the local cohomology groups H l {u —► W). 
These localization maps are the foundation of the bridge between refined local 
and global endoscopy. 

The roles of the local and global cohomology groups are thus quite different. 
The local cohomology groups influence the normalizations in local endoscopy 
and must therefore enter into the statement of the local theorems and conjec¬ 
tures. On the other hand, the global groups serve to produce coherent collec¬ 
tions of local objects, but the global objects obtained from these coherent col¬ 
lections are independent of the global cohomology classes used. This means 
that the global cohomology groups are much less present in the statements of 
global theorems and conjectures, but they are indispensable in their proofs. 

Besides establishing a clear conjectural picture for general reductive groups, 
these results provide an important step towards proving these conjectures. 
This is due to the fact that the approach developed by Arthur |Art89l |Art90l 
to prove both the local Langlands correspondence and the description of the 
discrete automorphic spectrum using the stabilization of the trace formula re¬ 
lies on the interplay between the local and the global conjectures. This ap¬ 
proach was successfully carried out for quasi-split symplectic and orthogonal 
groups in IArtl3l . but its application to non-quasi-split groups was impeded 
by the lack of proper normalizations of the local objects, both transfer factors 
and spectral pairings. This paper, in conjunction with BKall6l . removes this 
obstruction. 

Building on our results, Ta'ibi has recently treated some non-quasi-split sym¬ 
plectic and orthogonal groups llTaial . Another example of Arthur's approach 
being carried out in the setting of non-quasi-split groups was given in 1 KMSW 1. 
where inner forms of unitary groups were treated. The results of IKMSW'I were 
obtained prior to the present work and use Kottwitz's theory of isocrystals 
with additional structure l:Kot85ll . l; Kot971 . IIKotl to refine the local endoscopic 
objects instead. That theory works very well for reductive groups that have 
connected centers and satisfy the Hasse principle. When the center is not con¬ 
nected, however, not all inner forms can be obtained via isocrystals. Moreover, 
when the Hasse principle fails, we do not see a way to use the global theory 
of isocrystals to build a bridge between local and global endoscopy. The con¬ 
structions of the present paper remove these conditions and work uniformly 
for all connected reductive groups. Moreover, our statement of the local con¬ 
jecture is very closely related to the work of Adams-Barbasch-Vogan PABV92I 
on real groups as well as to Arthur's statement given in IArt06 1. The relation¬ 
ship with [ABV92] was partially explored in lKa!16i §5.2] and the relationship 
with 1 Art06l l is discussed at the end of the current paper. 

We will now explain in some detail the construction of the global pairing. 
While in the body of the paper we treat general connected reductive groups, for 
the purposes of the introduction we assume that G is semi-simple and simply 
connected. This case in easier to describe, because the notation is simpler and 
because we do not need to address the possible failure of the Hasse principle. 
At the same time, this case is in some sense the hardest from the point of view 
of local inner forms, so it will serve as a good illustration. 

First let us assume in addition that G is quasi-split and briefly recall the situ¬ 
ation in this case. One fixes a Whittaker datum for G, which is a pair ( B , ijj) 
of a Borel subgroup of G defined over the number field F and a generic char¬ 
acter if) : U(Ap) —t C x of the unipotent radical U of B that is trivial on the 
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subgroup U{F) of U(Ap). For each place v of F, restriction of ip to the sub¬ 
group U(F V ) of U(Ap) provides a local Whittaker datum (B,ip v ) for G. Given 
a discrete global generic Arthur parameter <p : Lp —> L G, let <f> v : Lp v —t l G 
be its localization at each place v of F. We consider the global centralizer 
group S 0 = Cent (<p(Lp), G) as well as, for each place v of F, its local analog 
S<j, v = Cent(^(L_F„), G). We also set 5^ = wo(S^>) and S<p v = 7ro( S</,„). In fact, 
since <j> is discrete and G is semi-simple we don't need to take ttq in the global 
case, but we do need to take n 0 in the local case, as <j> v will usually not be 
discrete. There is a conjectural packet I l 0i: of irreducible admissible tempered 
representations of G(F V ) and a conjectural pairing (—, — )„ : S 0v x —> C 

such that (—,ir v ) v is an irreducible character of the finite group S 0 . n for each 
7 t v G ]l 0v . Once the /.-packets are given, this pairing is uniquely determined 
by the endoscopic character identities taken with respect to the transfer factor 
that is normalized according to the local Whittaker datum (B, ip v ). According 
to a conjecture of Shahidi I Sha90l §9], the local pairing is expected to satisfy 
{— : tt v )v = 1 for the unique (B,ip v )-generic member tt v G I l 0n . The global 
packet is defined as 11^ = {7r = Cg>7r„|7r.„ € , (—, n v ) v = 1 for a.a. u}. Via the 

natural map S 0 —> S 0 . <: each local pairing { , n v ),, can be restricted to S 0 and 
the global pairing 

, —): x t C 

is defined as the product (x,n) = Y\ v {x^n v ) v . 

We now drop the assumption that G is quasi-split, while still maintaining 
the assumption that it is semi-simple and simply connected. There exists a 
quasi-split semi-simple and simply connected group G* and an isomorphism 
£ : G* —> G defined over F such that for each cr e T = Gal (F/F) the au¬ 
tomorphism £ _1 (t(/;) of G* is inner. We fix this data, thereby realizing G as 
an inner twist of G*. For a moment we turn to the quasi-split group G* and 
fix objects as above: a global Whittaker datum (B,ip) for G* with localiza¬ 
tions (B, tl) v ), and a discrete generic Arthur parameter <fi : Lp —> L G* with 
localizations </>„. The groups S 0 and S 0<! are also defined as above and are 
subgroups of G*. We also keep the group S,p = ttq (.S' c3 ), but the conjecture of 
(KhTbl §5 .4] tells us that we need to replace the group <S^„ by tvq(S^ ), where 
is the preimage of S 0 ^ in G* c , the simply connected cover of the (in this 
case adjoint) group G*. We will now obtain for each place v of F a conjectural 
local pairing (—, —) Zv : no(S ^) x II^G) —»• C, but for this we need to en¬ 
dow G with the structure of a rigid inner twist of G* at the place v, which is 
a lift z v G Z\u v —> W v . Z(G* C ) —> G* c ) of the element of Z 1 (T„,G* d ) given 
by cr i —y Here we are using the cohomology functor II 1 (u v —> W v , —) 

defined in IIKall 61 as well as the corresponding cocycles. Once z v is fixed, ac¬ 
cording to IIKall61 §5.4] there exists a pairing <-->*. :7r 0 (5+)xn^(G)^C 
such that for each n v G I L 07; (G) the function (—, n v ) Zv is an irreducible character 
of wo (S^ ) and such that the endoscopic character identities are satisfied with 
respect to the normalization of the transfer factor given in I IKall61 §5.3], which 
involves both the local Whittaker datum (B,tp v ) and the datum z v . As we 
noted above, the normalization of the transfer factor is established in BKall6l 
§5.3] unconditionally and the endoscopic character identities specify the pair¬ 
ing (—,n v ) Zv uniquely, provided it can be shown to exist. We now define the 
global packet as n^G) = {7r = <8>7T„|7r„ G II^G), (—,n v ) Zv = 1 for a.a. d}. Let¬ 
ting S ^ be the preimage in G* c of the global centralizer group and taking 
the product of the local pairings over all places v we obtain a global pairing 


S+ xH 0 (G)^C. 
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We must now discuss the dependence of this global pairing on the choices 
of z v . At each place v there will usually be several choices for z v . Changing 
from one choice to another affects both the transfer factor at that place as well 
as the local pairing (—, —) Zv . It is then clear that the global pairing that we 
have defined depends on the choices of z v at each place v. What we will show 
however is that if we impose a certain coherence condition on the collection 
(z v ) v of local cocycles (here v runs over the set of places of F) then the pairing 
becomes independent of this choice. One instance of this coherence should be 
that the product over all places of the normalized transfer factors is equal to 
the canonical adelic transfer factor involved in the stabilization of the Arthur- 
Selberg trace formula. Another instance of this coherence should be that the 
global pairing is independent of the collection ( z v ) v used in its construction, 
and furthermore descends from the group to its quotient S^. 

It is this coherence that necessitates the development of the global Galois gerbes 
and their cohomology, and this work takes up a large part of this paper. We 
construct a functor H 1 (Py —»■ £y) that assigns to each affine algebraic group 
G defined over F and each finite central subgroup Z c G defined over F a 
set F[ 1 (Py —» Sy,Z —>• G). When G is abelian this set is an abelian group. 
At each place v of F there is a functorial localization map // 1 ( P v -t 

G ) —> // ' (u v —> W v , Z —» G). A collection (z v ) v of local cohomology classes is 
coherent if it is in the image of the total localization map. 

The construction of the global Galois gerbes and the study of their cohomol¬ 
ogy is considerably more involved than that of their local counterpart. Let us 
briefly recall that to construct the local gerbe we consider the pro-finite alge¬ 
braic group 

u v = Inn Res Ev / Fv /j n /n n 

E v /F v ,n 

over the given local field F v . Here E v runs over the finite Galois extensions 
of F v contained in F v and n runs over all natural numbers. We show that 
7T 1 (T„, u v ) vanishes and u v ) is pro-cyclic with a distinguished genera¬ 

tor. The isomorphism class of the gerbe is determined by this generator and the 
gerbe itself is unique up to (essentially) unique isomorphism due to the vanish¬ 
ing of H l {T v ,u v ). Using this one introduces for each affine algebraic group G 
and each finite central subgroup Z c G, both defined over F v , a cohomology 
set denoted by F[ 1 {u v —>• W V ,Z — > G). Two central features are the surjec¬ 
tivity of the map Hom(w„, Z) Tv —> H 2 {T V , Z) evaluating a homomorphism at 
the distinguished generator of H 2 (T,u v ) for all finite multiplicative groups Z, 
and the existence of a Tate-Nakayama-type isomorphism for the cohomology 
set H l {u v —> W v . Z — T) whenever T is a torus (and a generalization thereof 
when G is connected and reductive). 

Now consider a number field F. The analog of the groups Res Ev / Ev //,„/ ji n is 
more technical. To describe it, let S' be a finite set of places of F containing the 
archimedean places. Fix a finite Galois extension E/ F unramified outside of S 
and a natural number N that is a unit away from S. We then define the finite 
Gal(U/F)-module 

M e ,s,n = Maps(Gal(£’/F) x S E , —Z/Z) 0)0 . 

Here S E is the set of all places of E lying above S and we are considering all 
maps / from the finite set Gal (E/F) x S E to the finite abelian group -^Z/Z 
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which satisfy the two conditions 

Vu> £ Se : E f(°,w)=0 and Vct £ Gal(P/F) : E /(^) = °- 

cr£Gal(E / F) w£Se 

Let c ,SVi be a set of lifts for the places of S. We consider the submodule 
M e g E n C Me,s,n consisting of all / that satisfy the condition 

f(cr,w) ^ 0 => er _1 u> £ Se- 

We take this submodule as the character module of a finite multiplicative group 
defined over Of,s and consider its Os-points 

Pe,s e ,n(Os) = Horn (M E g EN ,Og), 

where () y s is the group of units in the ring of integers of Fg, the maximal exten¬ 
sion of F unramified outside of S. After placing multiple technical restrictions 
on the set S and its lift Se we are able to show that H 2 (Tg, P E Ee N (()gj) has a 
distinguished element (even though it is no longer pro-cyclic). As we vary E, 
S, and N, the groups P E g E n form an inverse system and the transition maps 
identify the distinguished cohomology classes. This gives a distinguished el¬ 
ement in lirn // 2 (T. P E g E N )- Let Py be the inverse limit of the P E Ee n . The 
natural map H 2 (T, Py) — > Hm // 2 (L. P E g E N ) is surjective, but unlike in the lo¬ 
cal case, it is not injective. Nonetheless, with some additional work we are able 
to obtain a canonical element of H 2 (T , Py) that lifts the distinguished element 
of ^mfT 2 (r, P E s e ,n)- As hi the local case, the map Hom(Py, Z) —t iJ 2 (T, Z) 
given by the canonical class is surjective. The cohomology group H 1 (T,Py) 
vanishes, and so do its local analogs // 1 (L„, Py). The canonical class speci¬ 
fies an isomorphism class of gerbes £y for the absolute Galois group T of the 
number field F bound by Py. This isomorphism class leads to a cohomology 
functor H 1 (Py — > £y) that comes equipped with functorial localization maps 
H\Py -g £y) -g H\u v W v ). 

For an algebraic torus T (and more generally for a connected reductive group 
G), we prove a Tate-Nakayama-type duality theorem that identifies the group 
H 1 (Py —»■ £y,Z —>• T) with an abelian group constructed from the charac¬ 
ter module of T. We furthermore give an explicit formula for the localiza¬ 
tion maps in terms of this duality. The proof of the duality theorem proceeds 
through the study of cohomology groups H 1 (P E v —r£ E g K N - Z 7’) that 
are related to H 1 (Py —> £y. Z -g T). They are defined relative to the iso¬ 
morphism class of gerbes £ E Ee n for the Galois group Tg of the extension 
Fg/F bound by P E Ee N {Og) that is given by the distinguished element of 
H 2 (T S , P E g E N (Og)). We formulate and prove a duality theorem for these co¬ 
homology groups first. We then construct inflation maps that relate these coho¬ 
mology groups for different E, S, N to each other and to H 1 (Py £ v , Z —> T) 
and obtain the duality theorem for the latter by taking the colimit over E, S. N. 
A technical difficulty that is presented by the gerbe £ E g E N is that it has non¬ 
trivial automorphisms, because H 1 (Tg, P E Ee N (Og)) doesn't vanish. This im¬ 
plies that for an arbitrary affine algebraic group G defined over Of,s the co¬ 
homology set H 1 (P e g E n -g £ e g E N , Z -g G) depends on the particular re¬ 
alization of £ e g E v , and not just on its isomorphism class. In the case of tori 
we are able to circumvent this difficulty by first using a specific realization 
£ e g E N , depending on various choices, and proving the duality theorem for 
this realization. The duality theorem implies certain group-theoretic proper¬ 
ties of H 1 (P e Ee -g- £ e g E , Z -g T), where we have now taken the colimit 
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over all N, that allow us to conclude that the automorphisms of £ E g E act 
trivially on its cohomology. As a consequence we see that the cohomology 
group H 1 (P e g E —»• £ f . Z —>• T) depends only on the isomorphism class of 
£ E g E . Once the case of tori is handled, its generalization to connected reduc¬ 
tive groups follows without much additional effort. 

The reader familiar with | Kall6 l will notice that our treatment of the Tate- 
Nakayama isomorphism in the global case is less direct and less explicit than 
in the local case. While it leads to the same result, it would be difficult to use 
it for explicit computations. Recently Ta'ibi has been able to find a more direct 
and explicit construction of the canonical class and of the Tate-Nakayama iso¬ 
morphism in the global case that is much closer to our treatment of the local 
case ITaibl , and will likely prove useful for explicit computations, for example 
of automorphic multiplicities. 

Let us now comment on the role of the canonical class. The results discussed 
so far can all be obtained using a gerbe whose isomorphism class is given 
by an arbitrary element of H 2 (T,Py) that lifts the distinguished element of 
]hnfL 2 (r, P Ei s e ,n)' not necessarily the canonical class. Consider again the lo¬ 
calization maps H 1 (Py —>- £y) —> II 1 (u v —>- W v ). Using the Tate-Nakayama 
isomorphism it can be shown that when G is connected and reductive, the 
localization of a given element of H 1 (Py —> £y, Z —> G) is trivial at almost 
all places. It turns out that for applications to automorphic forms this, while 
necessary, is not quite sufficient. One needs a strengthening of this result that 
begins with the observation that the localization maps are already well-defined 
on the level of cocycles, namely as maps 

Z 1 (P V £\f ) Z t G) -t Z\u v ~^W V ,Z ->• G)/B 1 (F V1 Z). 

It then makes sense to ask if, given an element of Z 1 (Py —>• £ v , Z —» G), its lo¬ 
calization at alomst all places is unramified, i.e. an element of Z x (u v —> W v , Z —>• 
G)/B 1 (F V ,Z) that is inflated from Z 1 (Gal(Ff T /F v ), G(Of **))■ It is a result of 
Ta'ibi that this is true ITaibl Proposition 6.1.1] if the global gerbe £ v is the one 
given by the canonical class, but can fail ITaibl Proposition 6.3.1] if one uses 
a global gerbe corresponding to another lift to H 2 {T, Py) of the distinguished 
element of lim H 2 (T , P E g E N )- 

We will now give a brief overview of the contents of this paper. Section [3] is 
devoted to the construction of the cohomology set fT 1 (Py —> £y. Z — >• G). We 
begin in Subsection |3T] with a review of Tate's description of the cohomology 
groups H l {Ga\{E/F) : T(Oe,s)) of algebraic tori and prove some results about 
the compatibility of this description with variations of E and S. In Subsection 
I3.2l we derive a description of the cohomology group // 2 (T. Z) for a finite mul¬ 
tiplicative group Z defined over F. This description is the basis of the study 
of the finite multiplicative groups P E S/ . N in Subsection 13.31 After defining 
these groups we show that 11 2 (Vs, P F Ee n (0$)) has a distinguished element 
and study how this element varies with E, S, and N. We also define the pro- 
finite multiplicative group Py and discuss its relationship with the local groups 
u v . In Subsection 13.41 we prove the vanishing of // ' (1 ’, Iff) and // 1 (L,,, Py). 
These technical results allow us to specify, in Subsection 13.51 a canonical lift 
f G // 2 (r, Py) of the distinguished element of ],im II 2 (V. P E Ee n ). In Subsec¬ 
tion 13.61 we define the cohomology set 7T 1 (Py —> £y, Z —> G) for an arbitrary 
affine algebraic group G and a finite central subgroup Z, both defined over F, 
as well as the localization maps. These constructions also rely crucially on the 
vanishing results of Subsection l3.4l In Subsection 13.71 we formulate and prove 
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the Tate-Nakayama-type duality theorem for // ' (Py —> £y. Z —> T ) when T 
is a torus and give a formula for the localization map on the dual side. The 
cohomology groups H 1 (P E g E —> S E g , Z —> T) are defined and studied in 
this Subsection. In Subsection 13.81 we extend the duality theorem to the case 
of connected reductive groups. One implication of the results of Subsections 
13.71 and 13.81 is the description in terms of linear algebra of the coherent collec¬ 
tions of local cohomology classes, i.e. those which arise as the localization of 
global cohomology classes. This linear algebraic description has an immediate 
interpretation in terms of the Langlands dual group. 

Section 0] contains the applications to automorphic forms. Subsections 14.21 and 
H3] constitute the bridge between refined local and global endoscopy. Given a 
global inner twist we construct a coherent collection of rigid local inner twists, 
and given a global endoscopic datum we construct a coherent collection of re¬ 
fined local endoscopic data. The local collections depend on some choices, but 
these choices are ultimately seen to have no influence on the global objects ob¬ 
tained from the local collections. In Subsection l4.4l we show that the product of 
normalized local transfer factors is equal to the canonical adelic transfer factor, 
and in Subsection 14.51 we show that the product of normalized local pairings 
descends to a canonical global pairing. In both cases we use the coherent lo¬ 
cal collections obtained from the global inner twist and the global endoscopic 
datum, but the product of normalized local transfer factors and the product of 
normalized local pairings are independent of these collections. Both product 
formulas contain some extra factors that one might not initially expect. These 
factors are explicit and non-conjectural and their appearance is just a matter of 
formulation, as we discuss in the next paragraph. 

In the final Subsection 14.61 we summarize the results of Section [4] using the 
language of lArt06| . This subsection carries little mathematical content, but 
provides a dictionary between the language of IIKall6ll and that of [Art06 1. 
More precisely, it shows that the local conjecture of UKal 161 implies (and is in 
fact equivalent to) a stronger version of the local conjecture of IIArt06l . We 
believe that this dictionary can be useful, because both languages have their 
advantages. The formulation of !Art06] is from the point of view of the simply 
connected cover of the given reductive group and has the advantage that the 
passage between local and global endoscopy and the global product formulas 
take a slightly simpler form, in which in particular the extra factors referred 
to above are not visible, because they become part of the local normalizations. 
The formulation of [Kail61 is from the point of view of the reductive group 
itself and has the advantage of making the local statements more flexible and 
transparent. In particular, certain basic local manipulations, like Levi descent, 
are easier to perform in this setting. Moreover, this language accommodates 
the notions of pure and rigid inner twists, which have been shown in the work 
of Adams-Barbasch-Vogan I ABV9 2I on real groups to play an important role 
in the study of the local conjecture and in particular in its relationship to the 
geometry of the dual group. 

In this paper we have restricted ourselves to discussing only tempered local 
and global parameters. This restriction is made just to simplify notation and 
because the problems we are dealing with here are independent of the question 
of temperedness. The extension to general Arthur parameters is straightfor¬ 
ward and is done in the same way as described in f Art89 l. We refer the reader 
to IITai'al for an example of our results being used in the non-tempered setting. 

A remark may be in order about the relationship between the cohomological 
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constructions of this paper and those of IIKotl . While both papers study the 
cohomology of certain Galois gerbes, the gerbes used in the two papers are 
very different. The gerbes of IIKotl are bound by multiplicative groups whose 
character modules are torsion-free. In the local case they are the so called 
Dieudonne- and weight-gerbes of | LR87| and are bound by split multiplica¬ 
tive groups. On the other hand, the gerbes of IKall6ll and the present paper are 
bound by non-split multiplicative groups whose character modules are both 
torsion and divisible. This makes the difficulties involved in studying them 
and the necessary techniques quite different. It is at the moment not clear to us 
what the relationship between the two global constructions is. The relationship 
between the two local constructions is discussed in urn 

It should be clear to the reader that this paper owes a great debt to the ideas 
of Robert Kottwitz. The author wishes to express his gratitude to Kottwitz for 
introducing him to this problem and generously sharing his ideas. The author 
thanks Olivier Ta'ibi for his careful reading of the manuscript and for his many 
comments and suggestions that lead to considerable improvements of both the 
results and their exposition. For example, Ta'ibi's comments led the author to 
develop the material in J3.4N3.5I and the statement and proof of Lemma [4.5.II 
and its necessity were communicated by him. The author also thanks James 
Arthur for his interest and support and Alexander Schmidt for bringing to the 
author's attention the results in I NSW08 I on the cohomology of Galois groups 
of number fields with ramification conditions. 

2 Notation 

Throughout the paper, F will denote a fixed number field, i.e. a finite extension 
of the field (Q) of rational numbers. We will often use finite Galois extensions E 
of F, which are all assumed to he within a fixed algebraic closure F of F. For 
any such E/F, we denote by Ve/f the finite Galois group Gal (E/F), which is 
the quotient of the absolute Galois group Tp = Gal (F/F) by its subgroup T e- 
We will write Ie = Ajj for the idele group of E and C(E) = Ie/E x for the 
idele class group of E. 

We write Ve for the set of ah places (i.e. valuations up to equivalence) of E 
and Ve ,oo for the subset of archimedean valuations. A subset S C Ve will 
be called full, if it is the preimage of a subset of the set of places Vq of Q. If 
K/E/F is a tower of extensions and S C Ve, we write Sk for the set of all 
places of K lying above S, and we write Sf for the set of all places of F lying 
below S. We write p : Sk -a Se for the natural projection map. Given a 
subset S C Vq, we write Ns for the set of those natural numbers whose prime 
decomposition involves only primes contained in S. We equip Ns with the 
partial order given by divisibility. Given a subset S C Vf, we write Ns for 
by abuse of notation. 

If Vf.oc C S C Vf is a set of places, and E/F is a finite Galois extension un¬ 
ramified outside of S we will borrow the following notation from iNSWOBl 
§VIII.3]. Let Oe,s he the ring of S'-integers of E, i.e. the subring of E consisting 
of elements whose valuation at all places away from Se is non-negative. Let 
Ie,s = W w eSe ^ w > Ue,s = n„^s E Oe w - Then J E ,s = Ie,s x Ue,s is the sub¬ 
group of A-ideles which are units away from S. We set Ce.s = Ie,s/O^ s and 

C s (E)=Ie/E x U e /s- 

Taking the limit of these objects over all finite Galois extensions E/F that are 
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unramified away from S we obtain the following. We denote by Fg the max¬ 
imal extension of F that is unramified away from S. We write T g for the Ga¬ 
lois group of Fs/F. We denote by Os the direct limit of () E .s and by Ig the 
direct limit of I E ,s, the limits being taken over all finite extensions Fg/E/F. 
We denote by Cs the direct limit of either Ce,s or Cg(E). These two lim¬ 
its are the same I NSW08 , Prop 8.3.6] and are in turn equal to the quotient 
C{F S )/U S , where C{Fg) = lh^ F /_e/f ^(-®) th e idele class group of Fg, and 
Us = fy2$ Fs / E / F Ue,s■ In the special case S = Vf we will drop the subscript S 

from the notation, thereby obtaining for example I = A|- and C = A-A/F*. 

Given two finite sets X , Y, we write Maps(X, Y) for the set of all maps from X 
to Y. If X , Y are endowed with an action of IV, or a related group, we endow 
Maps(X, Y) with the action given by cr(/) (a;) = a(f(a~ 1 x)). 

Given an abelian group A, we write A[n\ for the subgroup of n-torsion elements 
for any n £ N, and we write exp(.4) for the exponent of A, allowing exp (A) = 
00 . We follow the standard conventions of orders of pro-finite groups. 

If B is a profinite group acting on a (sometimes abelian) group X, we write 
H l (B,X) for the set of continuous cohomology classes, where i > 0 if X is 
abelian and * = 0,1 if X is non-abelian. The group X is understood to have the 
discrete topology unless it is explicitly defined as an inverse limit, in which case 
we endow it with the inverse limit topology. When B is finite and X is abelian 
we also have the modified cohomology groups H l (B,X) defined for all i G Z 
by Tate. For us usually B = Te/f for some finite Galois extension E/F. In 
this case we will write N E / F : X —> X for the norm map of the action of Y e/f 
on X, and we will denote by X Ne / f its kernel. We will also write Z[T e/f\ for 
the group ring of V e/f and I e/f for its augmentation ideal. Then I e /fX is a 
subgroup of X. 


3 Cohomology with F-coefficients 

3.1 Some properties of Tate duality over F 

The purpose of this subsection is to review Tate's description ITat66l of the 
cohomology group FL 1 {X' e /f, T{O e ,s)), where T is an algebraic torus defined 
over F and split over a finite Galois extension E/F and S' is a (finite or infinite) 
set of places of F subject to some conditions. We will also establish some facts 
about this description that we have been unable to find in the literature. 

We assume that S satisfies the following. 

Conditions 3.1.1. 1. S contains all archimedean places and all places that ramify 

in E. 

2. Every ideal class of E has an ideal with support in S E . 

Let T be an algebraic torus defined over F and split over F. We write X = 
X*(T ) and Y = X*(T). The group T(0 E} s) = Hom(A, O e s ) = Y <g> O es 
is a r K/F -module. In lTat66l Tate provides a description of the cohomology 
groups H 1 (T e /f,T(0 Ei s)). Consider the abelian group Z[S/.;] consisting of 
formal finite integral linear combinations Y^ w eS E 11 w elements of S E , and 
its subgroup Z[S E \o defined by the property Y1 w gS e n ‘ w = ^ ate cons h" u cts 
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a canonical cohomology class 03 (E,S) G H 2 (T E / F , HomjZjSsjo, O e s )) and 
shows that cup product with this class induces for all i G Z an isomorphism 

H l ~ 2 (T E/F: K[5b] 0 ) -t H\T b/f , T(O e , s )). (3.1) 

We have written here W [-hV -:]0 as an abbreviation for Z[S E ]o ® Y. For our appli¬ 
cations, it will be important to know how this isomorphism behaves when we 
change S and E. Before we can discuss this, we need to review the construction 
of the class 03 (E, S). 

Tate considers the group Hom((J3B,s), (A e,s)) consisting of triples of homo- 
morphisms (f 3 , f 2 , fi) making the following diagram commute 


(Ae,s) 


( B Ei s ) 


1 -- O^ s —^ J e , s —^ C(E) 


0 


f 2 

fl 

1 b' rjj r 

lb 


ns E ] 0 -$u. z[s E ] —— - z 


1 

0 


The two sequences (A Ej s) and (B E ,s) are exact, with a being the natural projec¬ 
tion, which is surjective due to Conditions 13.1.11 and b being the augmentation 
map b(J2 w n w [w]) = ]C (i; n w . It is clear that extracting the individual entries of 
a triple (/ 3 , / 2 , / 1 ) provides maps 


Hom((B B , s ), (A Ei s)) 


Hom(Z[S E ] 0 ,O^ s ) Hom(Z [S E \,J E , s ) Hom(Z ,C(E)) 

The product of the vertical and right-diagonal maps is an injection and induces 
an injection on the level of H 2 (T E / F , —). The class a 3 (E, S ) is the image of a 
class a(E, S) G H 2 (T E / F , Hom((B Bi s), (A EiE ))) under the left diagonal map. 
The class a(E, S ) itself is the unique class mapping to the pair of classes 

(a 2 (£, S), ai (E)) G H 2 (T e/f , Hom(Z[S B ], J E , S )) x H 2 {T E/F , Hom(Z, C{E))), 

which we will now describe. 

The class a.\(E) G H 2 (T E / F , Hom(Z, C(E))) is the fundamental class associ¬ 
ated by global class field theory to the extension E/F. Using the Shapiro-iso- 
morphism 




H 2 (T e / F: Hom(Z[5s], Je,s) — ]^[ H 2 (T Eii / Fv , J Et s ), 

ves 

where for each v G S we have chosen an arbitrary lift v G S E , Tate defines 
the class a 2 (i?, S) G H 2 (Y E / F , Hom(Z[Ss], Je,s)) to correspond to the ele¬ 
ment {a Eii / Fv )veS of the right hand side of the above isomorphism, where each 
a Efi / Fv is the image of the fundamental class in H 2 (T E<l / Fv , E*) under the nat¬ 
ural inclusion E* —>• J E ,s- 

Having recalled the construction of (13.Ill we are now ready to study how it 
varies with respect to S and E. 
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Lemma 3.1.2. Let S C S' C V F . The inclusion Se —> S E provides maps Z[Se]o —t 
fl/zd Oe,s —>• Ob, s' which fit in the commutative diagram 


H 1 - 2 (T e/ f, Y[S e ]o) -- V E/F , T(O e ,s)) 


iL i - 2 (r £/F ,F[5y 0 )—►ff i (r B/F> r(o B ,sO) 


Proof. The top horizontal map is given by cup product with the class a .3 (E,S) G 
7T 2 (r s /p’, Hom(Z[S , £)]o, Ob,s))/ while the bottom horizontal map is given by 
cup product with the analogous class a 3 (B, S'). We must relate the two classes. 
For this, let Homs(Z[5^], Je,S') be the subgroup of Hom(Z[S’^], J E ,S') consist¬ 
ing of those homomorphisms which map the subgroup Z [Se\ of Zi[S' E \ into 
the subgroup ,Js.e of Js',e- We define analogously Homs(Z[5'^]o, O e s ,) and 
Homs((5 Bi s-), (Ae,s'))- We have the maps 

Hom(Z[S B ]o,0* iS ) •<— Homs(Z[5'^] 0 , O e s ,) -1 Hom(Z[^] 0 , 0* tS ,), 

the left one given by restriction to Z[Se]o an d the right one given by the obvi¬ 
ous inclusion. It will be enough to show that there exists a class 

a 3 (E, S, S') G H 2 (T E/F: Hom s (Z[^] 0 , 0^ s ,)) 

mapping to 03 (E, S ) via the left map and to a 3 (E, S') via the right map. In 
order to do this, we consider 

Hom((B_E,s), (Ae.s)) t— Homs ((5e,S'), (Ae,s>)) -> Hom((BE,s'), (Ae,s')) 

and show that there exists a class 

a(E, S, S') G H 2 (T e/f , Horn s((B e ,S'), (A e ,s'))) 

mapping to a(E, S) under the left map and mapping to a(E, S') under the 
right map. Indeed we have the sequence 

0 -t Homs((B B ,s'), (4 e, s')) -t Hom s (Z[5£], J E ,S’) x Hom(Z, C(E)) ->• 

-+Hom{Z[S' E ],C(E))^0 

in which the last map sends (/2, ,/j ) to a o f 2 - /, o h. This map is surjective, be¬ 
cause HomjZjS 1 ^], Je,s) is a subgroup of Homs(Z[S^], Je,S’)> and since Zj[S' e ] 
is free and a : J E ,s —> C(E) is surjective we see that f 2 s-t a, o f 2 is already 
surjective. The above sequence is thus exact. We obtain maps 

Homs((5 B ,s/), (A e ,s')) 


Hom s (Z[^] 0 ,O^,) Homs(Z[^],JE,s') Hom(Z, C(E)), 

the product of the vertical and right-diagonal maps is an injection and the long 
exact cohomology sequence associated to the above exact sequence shows that 
this injection induces an injection on the level of H 2 (T E / F ,—). Under the 
Shapiro isomorphism the group H 2 (r E / F , Homs(Z[S^], Je,S')) is identified 
with 

]^[ H 2 (T e ./ Fv , Je,s) x ]^[ H 2 (T e ./ Fii , Je,S')- 

v£S v€S'\S 
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We apply Tate's construction of <22 (E,S') in this setting and obtain a class 
a 2 (E,S,S') G H 2 (T E / Fl Homs(Z[S' E },J E ,s))- The pair (a 2 (E, S, S’), ai(E)) 
is seen to belong to the group H 2 (T E / F , Homs((f?B i s/), (A E ,s’)))- This is the 
class a(E, S, S') that we wanted to construct, and the class <23 (E, S, S') is the 
image of a(E, S , S') under the left diagonal map above. 


□ 


We will now discuss the variation of I l3.lt with respect to E. This has been 
studied by Kottwitz in [ Kotl §8.3-§8.5]. Since the discussion there is embedded 
in the theory of B(G), we will reproduce the arguments here, in a modified 
form suggested to us by Taibi. 


Let K/E/F be a tower of finite Galois extensions and S C V F a set of places 
which satisfies Conditions 13. l.ll with respect to both E and K. We consider the 
two maps 


PK/E 

Z[S E ] Z 1 S k] ’ 

3k/e 


where Vk/e{[w}) = E u | u Wk/e,u\-[u\ and j K / E ([u]) = [p(u)],withp : S K -> S E 

being the natural projection. Written in slightly different form, we have 


Pk/e( ^2 n »H) 
w£Se 

3k/e{ ^2 n “ M ) 
uESk 


^ ^ * n p(u) ' [ u ] 

U^zSk 

^2 C^2 n u) • M- 

w€Se u\w 


Both maps are equivariant with respect to the action oiT K / F and satisfy Jk/e 0 
Pk/e = [K : E] • id and p k /e°3k/e = N K/E . The restriction of p K/E to Z[S E ] 0 
takes image in I\Sk\o, and conversely the restriction of Jk/e to Z[Sk]o takes 
image in Z[S E ]o- 

For any T E / F -module M we write M[S E \ = M (g>% Z[S E ]. The r A y F -equivari- 
ance of p K/E and j K/E implies in particular j K/E o N K/F = N K/F o j K/E = 
[K : E\N e / f o jk/e and N K / F o p K / E = Pk/e 0 N k /f = [K : E]p K / E ° N E / F . 
This shows that if we interpret the cohomology groups H~ 1 (T E / F , M[S E ]o) 
resp. H 0 (T e/ f, M[S e ]o) as the kernel resp. cokernel of the norm map N e /f : 
(M[S e \ 0 )t e/f -t M[S e 2 e/f , then j K/E and p K / E induce maps 

3k/e '■ H°(T k /fi M[Sk] 0 ) —t H 0 (T e/f , M[S e ]q) 

Pk/e ■ H 1 (V E / F , M[S e ] 0 ) —> H 1 {T k /f,M[Sk\ o)- 

However, we will need the map Jk/e i n degree — 1 and the map p E /e in degree 
0 , where their existence is slightly less obvious. 

Lemma 3.1.3. The map p K /E '■ H°(T E / F ,M[S E ]o) —t H°(r K / F , M[Sk]o) trans¬ 
ports N e /f(M[S e \ 0 ) into N k / f (M[Sk\o) an d thus induces a well-defined map 

Pk/e '■ H°(T e / f , M[S E ] 0 ) —y H°(T k /f, M[Sk\o)- 


Proof. Choose a section s : S E —> Sk of the natural projection p : Sk —> S E . 
Given Y) w n w [w ] G M[S E ]o we have ™w[s(w)] G M[S K ]o- A short compu¬ 
tation reveals that PK/EN E /F^ w n w [w]) = N k /f(J2 w □ 


14 







In order to obtain the map jx/E i n degree —1 we need to assume that M = Y 
is torsion-free. Then Jk/e ° N k /f — [K : E]N e / f o jk/e implies that there is a 
well-defined map 

Jk/e'-H 1 (T k /f,Y[Sk]o) ^ h 1 (r B / F ,y[5£;]o). 

Lemma 3.1.4 (Kottwitz). The diagrams 


h 1 (r E / F , yfiSsjo ) — h 1 (t E / F , t(o Ei s )) 


3 k/e 


Inf 


H-\T k/f ,Y[S k ] 0 ) -- H\T k/ f, T(Ok,s)) 


and 


H°(T e/f ,Y[S e } 0 ) 

Pk/e 


■ H 2 (r E/F ,T(o Et s)) 


Inf 


H°(T K/Fl Y[S K } 0 ) -- H 2 (T k/ f, T{Ok,s)) 

commute, where all horizontal maps are given by (13.1b . 


Proof. We present Tai'bi's modification of Kottwitz's arguments. As a first step, 
we will show that the commutativity of the second diagram implies that of 
the first. We choose a finitely generated free Z[r s /^]-module Y' with a V E / E - 
equivariant surjection Y' —t Y and let Y" be the kernel of this surjection. This 
leads to the exact sequences 1 — > T" —> T' —> T — > 1 of tori defined over 
F and split over E, whose cocharacter modules are given by Y", Y', and Y. 
The sequence of O/.;, 5 -points of these tori is also exact - this follows from 
H 1 (T e ,s,T "{O s ) ) = H 1 (T EtS: 0*y k ( r '> = 0 bv INSW081 Prop. 8.3.11] and 
Conditions 13. 1.11 The same is true for the sequence of Oiys-points. 

Lemma 3.1.5. The diagram 


H-'pE/F^lSEjo) 

3k/e 

H~ 1 (Tk/f,Y[Sk\o) 


H 0 (T e/f ,Y"IS e } 0 ) 

Pk/e 

H 0 (r K/F ,Y"[S K ] 0 ) 


commutes, where the horizontal maps are the connecting homomorphisms. 


Proof. This is an immediate computation. Recall that the connecting homomor¬ 
phism is given by the norm map on Y'. □ 

Since T' is induced, the connecting homomorphism H 1 {T E / Fl T(Oe,s)) —t 
H 2 (T e / f , T"(0 Ej s)) and its K/F- analog are injective. By naturality of infla¬ 
tion the commutativity of the first diagram in Lemma [3.1.41 is equivalent to the 
commutativity of 


H 1 (r £: /i?, F[5s]o) 

3k/e 

H~ 1 (Xk/Fi y[Sjr|o) 


H 2 (T e/f ,T"(O e ,s )) 

Inf 

H 2 (T k /f,T"(O k ,s)) 
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where the horizontal maps are now given by composing the Tate-Nakayama 
isomorphisms with the connecting homomorphisms. But the Tate-Nakayama 
isomorphisms are given by cup-product with the classes o 3 (E, S ) and 0-3 ( K. S ). 
Since cup-product respects connecting homomorphisms, we now see that the 
commutativity of the above diagram is implied by the commutativity of the 
second diagram in Lemma r3.1.41 applied to the torus T". 

To prove the latter, we observe that the cup-product in degrees (0,2) is simply 
given by tensor product and hence the desired commutativity follows from the 
following lemma relating the Tate classes a^{E 1 S) and 03 (K, S). 

Lemma 3.1.6. The image ofa 3 (E, S ) under the inflation map 

H 2 (T E / F ,Hom(Z[SE] 0 , Oe,s)) —t H 2 (r K / F ,Hom(Z[S E ]o, Ok,s)) 
coincides with the image o/a 3 (K, S ) under the map 

H 2 (T K / F ,Hom(Z[SK]o,OK,s)) —> H 2 (r K / F .Hom(Z[S E ]o,OK,s)) 

induced by Pk/e- 


Proof. The map p e /e '■ Z[Se] —> Z[Sjc] induces a rx/F-equivariant map of 
exact sequences (B E ,s) —> (Jh< : s)i whose components we denote by p 3 , p 2 , and 
Pi for short. Explicitly, p 3 and p 2 are given by the same formula that defines 
Pk/Ei while pi : Z —> Z is multiplication by [K : E}. Recalling that a$(E, S) is 
the image of a(E , S) € H 2 (T E / F , Hom((B^ i s), (^4 b,5 ))), it will be enough to 
show that the image of a(E, S) under the inflation map 

H 2 {T e /Fi Hom((yl Bi s), {B e ,s))) -t H 2 (T K / F , Hom((y4 Bi s), (Bk,s))) 

coinsides with the image of a(K, S ) under the map 

H 2 {T k j f , Hom((j4/f,s)i (■ Br,s ))) ~t H 2 (T K / F ,Hom((A Et s), ( B K ,s ))) 

given by p = (p 3 ,P 2 ,Pi)- Recalling that a(E, S ) is determined by ct 2 (E, S ) £ 
H 2 (T E / F ,Hom(Z[S E ], Je,s)) and ai(E,S) £ H 2 (T E/F , Hom(Z, C{E))), it is 

enough to prove the above statement for and oi\, with respect to the maps 
P 2 and pi. 


Identifying HomfZ. C(E)) with C{E), the statement about 03 is immediate 
from the compatibility of the canonical classes in global class field theory with 
inflation. 

For the statement about a 2 we consider the commutative diagram 


H 2 (T E / Fl Hom(Z [S e ],Je,s)) - *■ Tlugs H 2 (T E / F ^ W , J E ,s) 

Inf 

H 2 {T k / Fi Wotc\(Z[Se\,Jk,s)) -»■ rives H 2 (T k /f,w, Jk,s ) 

P2 

H 2 (TK/F,Hom(Z[S K ], Jk,s)) - H 2 (T K/Fu , J K ,s) 


where on the right we choose arbitrarily for each v £ S places w £ S E and 
u £ S E , with u\w\v. The horizontal maps are the Shapiro isomorphisms. The 
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top right vertical map is again inflation, induced by the projection Tk/f,w —> 
^e/f,w and the inclusion Je,s —> Jk,s / while the bottom right vertical map is 
given by [K u : E w \ ■ cor, with corestriction induced by the inclusion T K / Fu —r 
F k/f,w Now 02 (h- S) in the top left corner corresponds to the collection 
(a Ew / Fv ) ve s in the top right corner, where a Ew / Fii is the image of the canonical 
class in H 2 {T E / Fw , E£) under the natural inclusion E* —> J Ej s■ Thus we are 
led to consider the diagram 


H 2 (T E / F w , J E ,s) - H 2 (V e/f,w> E'w) 


H 2 (T K/FtW ,J K ,s) -- H 2 (T K/FtW ,K*) 


H 2 (T K/F>U , J k ,s) -- H 2 (T k/f>u ,KZ) 

where K w = E w ® E K, the horizontal maps are the natural inclusions, the left 
vertical maps are as in the previous digram, and the right vertical maps are the 
corresponding maps - the top is inflation, and the bottom is [K : E] times core¬ 
striction. We now have to show that the canonical classes in H 2 (T E / Fw , E*) 
and H 2 (V e /f, -a - K* ) meet in II 2 (T K / F w , K *). But the corestriction homomor¬ 
phism H 2 (T k/Fu , Kf) —y H 2 (T K / Fw , K*) is an isomorphism whose inverse 
is given by the projection K* —> K* followed by restriction along the inclusion 
T k/f,u —t T k/f . w . Composing both right vertical maps with this inverse gives 
on the one hand [K : E\ ■ id on H 2 (T E / Fu , K^), and on the other hand the 
usual inflation map H 2 {T E / F w , E*) — H 2 (T k / Fu ,K*) and local class field 
theory asserts that the fundamental classes for E w /F v and K u /F v meet under 
these two maps. □ 

With this the proof of Lemma [3. 1.41 is complete. □ 

We will soon need a variant of Lemma 13.1.41 for finite multiplicative groups 
instead of tori. As we saw above, in this case the map ,j k/f does not induce a 
map on the level of H~ 1 . In order to state the result, we will need to work with 
a map in the opposite direction, that for torsion-free M = Y is an inverse of 
Jk/e- will now discuss this inverse and then restate the lemma with it. Fix 
an arbitrary section s : S E —> S E of the natural projection p : S E —>• S E and let 
si : Z[S E ]o -t Z[S K ] o be the map sending J2wgS e to J2 w gS e 

Lemma 3.1.7. Assume that for each a e T K / E there exists u £ Sk such that au = u. 
For any V E / F -module M the map si induces a well-defined map 


! : H-\T e/f ,M[S e ] 0 ) ^ H-\Y k/f ,M[S k )o) 

that isfunctorial in M and independent of the choice of s. When M = Y is torsion-free 
it is a right-inverse to the map j K / E : H~ 1 (T K / F: M[Sk]o) —t H~ 1 (T E / F , M [Se]o)- 

Proof. Let s, s' be two sections and let x £ M[S E ]o be given as x = w n w [w} 

with n w £ M. We claim that si(x) = s((x) in H Q (T K / F , M[S E ]o)- We have 

s\(x) - s'fx) = [s{w)] - n w [s'(to)]), 
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where the sum is taken over the finite set {w £ S E | n w f 0}. It is enough to 
show that each summand belongs to Ik/fM[Sk\ 0 / so fix wq G {w G S E \n w ^ 
0} and let cr £ Tk/e be such that a(s(wo)) = s'(w o). By assumption there exists 
Mo £ Sk with uuq = Mo. Then we have 

s\(x) - s|(x) = (n Wo [s(wo)] - n Wo [u 0 ]) - a{n Wo [s(w 0 )} - n Wo [M 0 ]), 

noting that V E /k acts trivially on M, and the claim is proved. 

One checks easily that for x G M[S E ]o and a G T k /f we have cr(s!(a;)) = 
(us)! (ax). From this and the claim we just proved it follows that st maps 
I e / e M[S e ]o to Ik/fM[Sk\ o- We conclude that st determines a well-defined 
map H q (T e / e , M[S e ]q) —> H 0 (T K /f, M[S k]o) and that this map is indepen¬ 
dent of s. 

We now argue that if a; £ M[S e ]q satisfies N E / F (x) = 0, then N k /f(s\(x)) = 0. 
Write x = Jf, w& s E n »H' Then si(» = J2 u es K $u, sp {u)n p ( u )[u ], where 5 u y is 
equal to 1 if u = u' and to 0 otherwise. A quick computation shows 

N k /f(s<(x)) = E E |Stab(s(r 1 p{u)),T k/e )\tti t -i p{u) [m]. 

u&Sk tGTe/f 


For fixed u G Sk and r £ V E / F \et cr £ r^/j? be such that au = s(r 1 p{u)). 
Then 

Stab(s(r _1 p(M)),r if/£; ) = crStab(M, V K/F )a~ l n V K/E . 

Since E/F is Galois, the cardinality of this group is equal to the cardinality of 
Stab(M, T k / e ). We thus conclude that 

N k /f{s\{x))= Y |Stab(u,r K/B )| Y TTl T -ip^ u ^ [ ll\ . 
u£Sk t€.T e /f 


The inner sum vanishes due to the assumption N E / F (x) =0. □ 

Corollary 3.1.8. Under the assumptions ofLemma \3.1.7\ for M = Y torsion-free the 
diagram 

H~\T e/f , Y[S e ]o) -- H\T e/f , T(O e ,s)) 

! Inf 

H-\T k/f ,Y[S k ]o) -- H\r K/F , T(O k ,s)) 

commutes and both vertical maps are isomorphisms. 


Proof. Lemma r3.1.9l below shows that the right vertical map is an isomorphism. 
Then so ist the left vertical map in Lemma 13.1.41 and then ! must be its inverse 
by Lemma [3.1.71 from which the commuttivity of the square follows. □ 


We now want to relate the group H l (T E / F ,T(0 Ei s)) to H l (Ts, T(Os)) and 
H l (T,T(F)) in the cases i = 1,2. 

Lemma 3.1.9. The inflation map H 7 (T E / F , T{0 Et s)) —> H l (Ts, T(Os)) is bijective 
for i = 1 and injective for i = 2. 
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Proof. The inflation-restriction sequence takes the form 

1 -»■ H 1 (T e/f ,T(O e ,s)) H\T s ,T(Os)) -»• H^Te^^Os)) -)• 

-»• H 2 (T e/f ,T(O e ,s )) -)• fT 2 (r 5 ,T(O s )) 

Since T splits over E we have 

^(^^(05)) = =0 

by 1 NSW081 Prop. 8.3.11] and Conditions 13.1. H and the proof is complete. □ 

Lemma 3.1.10. Assume that for each w £ V E there exists w' £ S E with the prop¬ 
erty that Stab(w,T E / F ) = Stab(w',T E / F ). The inflation map H 1 (Ts 7 T(Os)) —t 
H l (T, T(F)) is injective for i = 1,2. 

Proof. We begin by constructing a ^-invariant left-inverse of the natural 
inclusion S E — > V E . For each v £ V F choose one v £ V E and one v £ S E such 
that p(v) = v and Stab(u, T E / F ) = Stab(i), T E / F ). If v £ S then we demand 
v = v. Define a map / : V E — > S E as follows. Given w £ V E let v = p(w) 
and choose a £ T E / F such that w = av. Set f(w) = av. The place av is 
independent of the choice of a and so this map is well-defined. It is moreover 
rs/r’-equivariant, because given r £ V E / F we have p(rw) = v,tw = rav, and 
hence f(rw) = rav = rf(w). By construction / is left-inverse to the natural 
inclusion S E —> V E . 

Now / extends linearly to a map Y[Ve] —> Y[S E \, which in turn restricts to a 
map Y[V e ]o —> Y\S Fj ]q that is F/r/z -equivariant and left-inverse to the nat¬ 
ural inclusion YjS^Jo —t Y[V E \ 0 . We conclude that for all i £ l the map 
H l (T E / F ,Y[S E ]o) —> H z (T e / Fi Y[V e \q) has a left-inverse and hence must be 
injective. 

Applying Lemmas l3.1.7l and l3.1.9l we obtain the diagram 

H-\T e/f , y [5 b]o) -=+ H\T e/f ,T(O e ,s )) H'Fs, T(Os)) 


H-^E/PiYlVEjo) —— H l (T e/Fi T(E)) ——- ^H\T,T(F)) 

and the injectivity of the left vertical map implies the injectivity of the right 
vertical map. 

To treat the case i = 2 we consider the diagram 

o-- H 2 (T E/Fl T(O e ,s)) -- H 2 (r s ,T(O s )) -- H 2 (T e ,s, T(Os)) 

0-- H 2 (T E/F , T(E ))-- H 2 (T, T(F)) -- H 2 (T E , T(F)) 

By the five-lemma, we need to show the injectivity of the left and right vertical 
maps. The injectivity of the left vertical map follows from Lemma 13.1.21 and 
the injectivity of H°(T E / F ,Y[S E ]o) —t H°(T E / F , Y[Ve]o). Turning to the right 
vertical map, since T splits over E it is enough to prove the injectivity of the 

inflation map H 2 (T Et s,Og) —> H 2 (T E , F ). For this we consider the exact 
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sequences 1 —> ()$ Is Cs —> 1 and 1 —t F* —> I —> C —> 1 and obtain the 

diagram 

h'Fe&Cs) —-i/ 2 (r £ ,s,o|)- ^H 2 (T e ,s,I S ) 

'-v-' 

=0 

=0 

'ff 1 (r F ,C')-- h 2 (Te,f x ) -- H 2 (T El i) 

The map on the right is the map 

lim H 2 (T K/E ,I KtS ) —•t lipj H 2 {Y K / E ,I K ), 

Fs/K/E F/K/E 

where the transition maps in both limits are the usual inflation maps and the 
map H 2 (Y K / E , Ik,s) —t H 2 (X k/e, Ik) is induced by the inclusion Ik,s —t h<- 
Since Ik.s is a direct factor of Ik, the map H 2 (Y k /e, Ik,s) —t H 2 (T k /e,Ik) is 
injective. Moreover, the vanishing of H 1 (Y K / E , I K ) and H 1 (Y K / E , I E ,s) for all 
K shows that the transition maps in the two limits are injective. It follows that 
the map I1 2 (Y E s-Is) —t H 2 {Ye, I) in the above diagram is also injective, and 
then so is the map H 2 (T E ,s , 0|) —> H 2 (F E , F x ). This completes the proof of 
the case i = 2. □ 


3.2 A description of H 2 (T, Z) 

Let Z be a finite multiplicative group defined over F. Write A = X*(Z) and 
A v = Hom(/f. Q/Z). The purpose of this Subsection is to establish a functorial 
isomorphism 

Q ■AimH- 1 (Y E/F ,A v [S E } 0 ) ^ H 2 (Y,Z). (3.2) 

Wfs 

We can think of A v [jSe]o = Z[5 F ]o A A v either as formal finite linear combina¬ 
tions of elements of S E with coefficients in /l v , the sum of which equals zero, 
or as maps S E —> A v the sum of whose values is zero. When we use the latter 
interpretation we will sometimes write Maps(5 F , A v )o instead. 

Fact 3.2.1. Let nbe a multiple cfexp(Z). We have a functorial isomorphism 

: A v -»• Hom(p ni Z), a($ A , n (A)(x)) = x nA(a) , 

where a € A, A € A v , and x € p n - Ifn\m and x € p m we have 

$A,m(A)(x) = A)(x^). 


Choose a finite Galois extension E/F splitting Z and a finite full set S C Vf 
satisfying the following conditions. 

Conditions 3.2.2. 1. S contains all archimedean places and all places that ramify 

in E. 

2. Every ideal class in C(E) contains an ideal supported on S E . 

3. exp (Z) e Ns. 

4. For each w e V E there exists w' G S E with Stab(w, Y e /f) = Stab(w',Y E / F ). 
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Note that such finite sets exist and if S satisfies these conditions and S' D S, 
then S' also satisfies these conditions. 

Fact 3.2.3. Let nbe a multiple ofexp(Z). We have afunctorial isomorphism 
$A,s,n : Maps(S E ,A w ) 0 ->• Hom(Maps(S E , Pn)/Hn, Z), 
which for g g Maps(S E , A w ) 0 , f g Maps(S E , p n ),a € A is given by the formula 

a(*A,s, n (g){f)) = n fM n9(w ’ a) - 

w€Se 

Ifn\m then ®A,s,m(g)(f) = $A,s,n(9)(f “ )• 

Let a 3 (E, S) g Z 2 (T e / f , Hom(Z[S E ]o, Of s )) represent Tate's class discussed 
in Subsection l3.ll We have 

Hom(Z[S E ]o,0* >s ) = Maps (S E ,0* tS )/0* iS ^ Maps (S E ,Of)/Of, 

where we are identifying O f s and O f as the subgroups of constant functions. 
By |' NSW08 . Proposition 8.3.4] the group Of is Ny-divisible. For any n g Ns 
the n-th power map fits into the exact sequence 

j Maps(ffg,// n ) ^ Maps(5' g ,Og) ^ Maps(S g ,Og) 

^ Of Of 

Fix a co-final sequence n,; g Ns as well as functions 

, Maps(S'_E, Of) _ Maps (S E ,Of) 

Os Of 

n i +1 

satisfying ki(x) Ui = x and k i+ i(x) = kt(x). Then we have 
dkia 3 (E,S) g Z 3 ’ 2 (r s ,r E/F ,Maps(S E ,g ni )/p ni ) 

where we are using the notation Z l J from IKall 6 l §4.3]. 

We now define the map 

& E ,s ■ H 1 (V E / F , A v [S'_e]o) —> H 2 (Ts, Z(Ps)), 9 dkia 3 (E, S) U E/F g, 

where we have identified A v [S'b]o with Maps(S , B, A v )o, and have employed 
the unbalanced cup product of PKallbi §4.3] as well as the pairing 

Maps (S E ,p ni )/pni ® Maps(S , E , A v ) 0 ->• Z (3.3) 

provided by <&E,s,rn of Fact 13.2.31 Here we must choose n, to be a multiple of 
exp (Z), which is possible since n. L are a co-final sequence in Ns and exp (if) g 
Ns by assumption. Moreover, the map 0 _e,s is independent of the choice of n, . 

Proposition 3.2.4. The map Be.s is afunctorial injection independent of the choices 
ofa 3 (E, S) and ki. 

The proof is based on the following lemma, which will also have other uses 
later. 
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Lemma 3.2.5. Let T be a torus defined over F and split over E and let Z —>• T be an 
injection zvith cokernel T. We write Y = XfiT) and Y = XfiT). Then the folloiving 
diagram commutes and its columns are exact. 


h-\t e/f , y[sy o) h\t e/f , t(o E iS )) h\t s ,t(o s )) (3.4) 

H-fiTE/F, y[S £ ]o) H\r E/F , T(O e ,s)) H\T s ,f(Os)) 

H-\T E/Fl A v [S f ] 0 )-—-- H 2 (Ts, Z{Os )) 

H°(T e/f ,Y[S e } 0 )—^ H 2 (T e/f ,T(O e , s )Y -- H 2 (r s ,T(O s )) 

H°(r E/Fl Y[S E } 0 ) — H 2 (T E/F , t(o e , s )) c —- iL 2 (r Sj T(Os)) 


Proof. We first explain the arrows. The short exact sequence 

0-s-F-)-F->y4 v -).0 

remains short exact after tensoring over Z with the free Z-module Z[S E ]o, and 
the left column of the diagram is the associated long exact sequence in Tate 
cohomology. Writing X = X*(T) and X = X * (T), the short exact sequence 

remains short exact after applying Hom(— ,Of) because Of is Ng-divisible 
1NSW08 I Prop. 8.3.4] and we are assuming exp (Z) G Ns. The right column of 
the diagram is the corresponding long exact sequence for H l (Ts,—). The hori¬ 
zontal maps labelled "TN" are the isomorphisms constructed by Tate and dis¬ 
cussed in Subsection 13.II The bottom two that are labelled "-TN" are obtained 
from these isomorphisms by composing them with multiplication by — 1. The 
horizontal maps on the right are the inflation maps discussed in Lemma r3.1.9l 

The only non-obvious commutativity is that of the two squares involving the 
map 0 _ e , s - For the top square, let A G Z~ 1 (T E / Fl y^S^o). Then TN(A) = 
a 3 (E, S) U A G Z 1 (T e / f (T(O e> s ))) and the image of this in H 2 (Ts, Z(Os)) can 
be computed as follows. Choose n, to be a multiple of exp (Z). Then n, A G 
Z~ 1 (T E/F ,Y[S e ]o) and ha 3 (E,S) G C 2 ' 2 (I>,r F/F ,Maps(S F ,0*)/0*). The 
unbalanced cup product ha 3 (E, S ) U E/F mA belongs to C 1 ’ 1 (T s , T E/F , T(O s )) 
and lifts the 1-cocycle TN(A). The differential of this 1-cochain is the image we 
want. According to [ Kall6l Fact 4.3] it is equal to 

d(kia 3 (E, S) U F / F rijA) = dkia 3 (E , S) U F / F n,A = 0 Fj s(riiA). 

But the restriction of n^A : G m —> T to takes image in Z and the resulting 
map p ni —> Z corresponds to the element of A' y that is the image of A under 
Y —> A' y . This proves the commutativity of the top square involving (-) Fj <?. 
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For the commutativity of the bottom square let g £ Z 1 (V e/f'- h v [.S’/.;]oj and 
ietAeF = c- 1 (r B/F ,y[5 £; ]o) be any preimage of g. According to the above 
discussion we have 


®E/s(g) = dkia 3 (E,S) U E / F mA. 

Mapping this under H 2 (Ts, Z(Os)) —> H 2 (Fs, TjOs)) we can write this using 
fKaffel Fact 3.4] as 


d(kid 3 (E , S) U riiA) — kia 3 {E , S) U dritA. 


The first term is a coboundary in C 2 (Ts,T(Os))- Since A £ C 1 (T e /f, ^[<5'£?]o) 
was a lift of the (—l)-cocycle g, its differential belongs to Z°{T E / Fl F[S'_e]o)- It 
follows that 

kta 3 (E , S ) U drii A = a 3 (E, S ) U dA 

and this proves the commutativity of the bottom square involving 0 E ,s- O 

Proof of Proposition 13.2.41 In the setting of Lemma 13.2.51 choose Y to be a free 
Zfr^/p’J-module. Then F[£e ] 0 is also a free l\P E / F \-module and consequently 
both H~ 1 (T e / f , ^[Ssjo) and IT 1 (rs, T(Os)) vanish, showing that 0£,s is the 
restriction of "-TN". The latter is an injective map and is independent of the 
choices of a 3 (E,S) and ki. □ 

The map 0s,s' has a local analog that is implicit in the constructions of llKall 6 l . 
To describe it, let v £ S-p and let a v £ Z 2 {Y Ev / Fv , E *) represent the canonical 
class. Let n € N be a multiple of exp (Z) and let k : F v —> F v be such that 
k(x) n = x. Then we define 

0 £,» : H 1 (F Ev /f v , A v ) —* H 2 (P v , Z(F v )), g ee dka v U Ev /Fv ^A,n{g)- 

Similar arguments to those employed for (-) e.s show that 0 Ejl is independent 
of the choices of a v , k, and n, and fits into the local analog of Diagram 13.4b . 
The following lemma relates the map & Et s to Q e ,v 

Lemma 3.2.6. Let v £ S-p. We have the commutative diagram 

H-\T e/f ,A v [S e ]o) H 2 (T s ,Z(Os)) 

h-\t Ev/Fv ,a v ) H 2 (T Vi Z(F v .)) 

Here the right vertical map is the localization map given by restriction to T v folloived 
by the inclusion Z(Os) —t Z(F V ) and the left vertical map is given by restriction to 
P Ev / Fv followed by the projection A v [£e]o —> A v onto the v-factor. 

Proof. WechooseF tobeafreeZjr^/^J-module. Then Y is also a free T,\T Ev /Ff\- 
module and consequently the four cohomology groups H~ 1 (T E / F ,Y[S E ]o), 
H~ 1 ( r E ^/ FlJ :Y), H^Ts, T(Os)), and fT 1 (r„, T(F V )) all vanish. Looking at Di¬ 
agram 13.4b and its local analog we see that it is enough to show the commuta¬ 
tivity of the diagram below, which stems directly from the construction of the 
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Tate-Nakayama isomorphism for tori in I Tat 66 fl . 


" _ r T ]\f" 

H°(T e/F: Y[Se]o) —— H 2 (T s , T(Os)) 

xv " _T m" _ 

H°(T Ev/Fv ,Y) - —^ H 2 (T v ,T(F v )) 


□ 


We will now study how the map (~) Fj ,s behaves when we change E and S. 
Lemma 3.2.7. The inflation map fL 2 (T,g, Z(Os)) —t H 2 (T, Z{F )) is injective. 


Proof. Choose again Y to be a free Z[r F / F ]-module. Then // ' (Ts, T(Os)) and 
H 1 (T,f(F)) vanish. The inflation map in question, composed with the in¬ 
jection iT 2 (T, Z(F)) —> H 2 ( T, T(F)) is equal to the composition of the injection 
H 2 (T s ,Z(O s )) - > H 2 (T s,T(Os)) with the map H 2 (Ts,T(Os)) -t- H 2 (T,T(F)), 
which by Lemma 13. 1.1 01 is also injective. □ 

Lemma 3.2.8. Let K/F be a finite Galois extension containing E. Let S' be a finite 
set of places satisfying Conditions \3.2.2\ with respect to K and containing S. 


1. The map H 1 (r F / F ,A v [S' F ] 0 ) -t i? 1 (T F / F , A V [5 F ] 0 ) given by the inclu¬ 
sion S —^ S' is injective and fits in the commutative diagram 

XV 0 rp q 

H-\T E/Fl A^ISe] o) —^ H 2 (T s , Z(Os )) 

Inf 

H-\T E/Fl AfyS' E ] o) 6 -^ H 2 (T S >, Z(Os')) 


2. The map ! : H-\r E/F ,A^[S' E } 0 ) ->■ H- 1 (T K/F ,A''[S’ K ] 0 ) ofLemma\3Y7\ 
is injective and fits in the commutative diagram 

H-\T E/F ,A^[S' E } 0 ) e -^H 2 (T S ',Z(Os')) 

H-\T K/F ,A^[S' K ) 0 f^H 2 (T S ',Z(Os')) 

Proof. Notice first that since for every a € I ’ F/ F there exists u € V E with cru = 
u, the assumption of Lemma [3. 1. 71 follows from part 4 of Conditions 13.2.21 

According to Proposition l3.2.4l the maps 0 F ,s and Q E ,S' are injective. Accord¬ 
ing to Lemma 13.2.71 the inflation map in the first diagram is injective. This 
proves the injectivity claims. 

To prove the commutativity of the first diagram, choose A to be a free Z[T F / F ]- 
module. Then so is Y as well as T^[<S , F ]o and we get H l (T E / F , Y"[S F ]o) = 0 for 
all i £ Z. Looking at Diagram (13.411 . this implies that 7T - 1 (r F / F , F[S , f ] 0 ) —> 
FL~ 1 (Y e/Fi A v [S' f ] 0 ) is bijective. We consider the following cube. 
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H-\T e/f ,Y[S e } 0 ) 



H 1 (T s ,T(O s )) 


H-\T e/f ,A^[S e ] 0 ) 



H 2 (T s ,Z(Os)) 


H-\T e/F: Y[S' e }o) 



H 1 (T S ' ,T(0 S ’)) 


H- 1 {T e/f ,A''[S' e ] 0 ) 



H 2 (r S ',Z(0 S ')) 


We want to prove that the right face of this cube commutes. By the bijectivity 
of the back top map, it is enough to show that all the other faces commute. 
The back face commutes by functoriality of the map induced by the inclusion 
S E —>• S' E . The front face commutes by 5-functoriality of Inf. The top and 
bottom faces commute by Lemma 13.2.51 The left face commutes by Corollary 
13.1.81 This proves the commutativity of the first of the two diagrams in the 
statement. The proof of the second is analogous. □ 

Corollary 3.2.9. The maps S Et s splice to a/tinctorial isomorphism 

0 : \unH- 1 {T E/Fl A v [S E ] 0 ) -► H 2 (T,Z(F)). 
e/s 


Proof. According to Proposition 13.2.41 and Lemmas 13. 2. 81 and 13. 2. 71 we obtain a 
functorial injective homomorphism 0 as displayed. We will now argue that it 
is also surjective. Let h £ H 2 (\\ Z(F)). Choose a finite Galois extension E/F 
so that h is inflated from H 2 (T E / F , Z{E)). Choose S large enough so that it 
satisfies Conditions 13. 2. 21 with respect to E and so that Z(E) = Z(O e ,s)- Thus 
h is in the image of the inflation F[ 2 (T E / Fl Z(0 Et s)) —t H 2 (P, Z{F)) and we 
can pick a preimage h E ,s- 

Choose Y to be a free F ]-module and consider Diagram J3.4b . Let hr.E.s € 

H 2 (P E / F ,T(0 E} s )) he the image of h E ,s- The image of h F , E ,s hr the group 
H 2 {P e / f , T(0 Ei s)) is zero, so the preimage of h F ,E,s in H°(T e / f ,Y[S e \q) un¬ 
der "-TN" lifts to an element g £ F[~ 1 (T e / f , A v [S'b]o). Let/P £ H 2 (T, Z{F)) be 
the inflation of &E,s(g) G H 2 (Vs , Z(Os))- Then h' and h have the same image 
in fT 2 (T, T{F)). But since we chose Y to be free, the map H 2 (T, Z) —*• F[ 2 (T 7 T) 
is injective, so h' = h. □ 


3.3 The finite multiplicative groups P R g E N 

Let E/F be a finite Galois extension. Let S C Vf be a finite full set of places 
and S E C S E a set of lifts for the places in S (that is, over each v £ S there is a 
unique w £ S E ). We assume that the pair (5, S E ) satisfies the following. 
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Conditions 3.3.1. 1. S contains all archimedean places and all places that ramify 

in E. 

2. Every ideal class of E contains an ideal with support in S E - 

3. For every w £ Ve there exists w' £ Se with Stab(w,T E /F ) = Stab(w r ,T e /f)- 

4. For every a £T e /f there exists v £ Se such that av = v. 


Pairs (S, Se) that satisfy these conditions exist. Moreover, if (S' ; S'e) is any 
pair containing ( S,Se) in the sense that S C S' and Se C S' e , and if (S, Se) 
satisfies these conditions, then so does (S', S' E ). If Z is a finite multiplicative 
group defined over F and split over E and if exp (Z) £ Ns, then we may apply 
all results of Subsection l3.2l to Z. 

Fix N £ Ns and consider the finite abelian group 

Maps(r F / F x Se, — Z/Z) 

as well as the following three conditions on an element / of it: 


1 . For every a £ T e /f we have Y, we s E /( CT > w ) = °- 

2. For every iu £ Se we have ]C CT er E/F f( a - w ) = 0- 

3. Given a £ V e /f and w G Se, if /(cr, w) f 0 then a _1 w £ S E - 


Define M e ,s,n to be the subgroup consisting of elements that satisfy the first 
two conditions, and M E g E N to be the subgroup of M e ,s,n consisting of ele¬ 
ments satisfying in addition the third condition. Note that both M e ,s,n and 
M e,Se,n are stable. 

Lemma 3.3.2. Let A be a finite Z[r E / F ]-module. 

1. If exp(A)\N, the map 


^ e,s,n '■ Hom(A, M Et s,N) r —t Z 1 (V E /F,Maps(SE,A v )o), H h, 

defined by h(w,a) = H(a,l,w) is an isomorphism of finite abelian groups, 
functorial in A. It restricts to an isomorphism 

Hom(A, M E Ee N ) t ->• Maps(S E , A v ) „ n ^(r^Maps^, A v )o). 

2. For N\M the isomorphism 'P e,s,n and 'P e,s,m are compatible with the natural 
inclusion M e ^ b>n ->■ M e ^ r M . Setting M E ,s = lin^y M e , s ,n we thus 
obtain an isomorphism 


V I 'e,s ■ Hom(A, M E ,s) T ~> Z 1 (Xe/f, Maps(SE, ^4 v )o)- 


3. The map 

Maps(S E ,A v ) 0 nZ- 1 (T E/ F,Maps(S E ,A w ) 0 ) -t- ^- 1 (r F/Fl Mflps(5 Fj ^ v ) 0 ) 
is surjective. 
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Proof. For the first, the inverse of the claimed bijection is given by H(a, a. w) = 
(ah)(w, a). The second point follows from the trivial equality Hom(d, -^-Z/Z) = 
A v = Hom(A, TZ/Z). 

For the third point we claim that every class in Maps(S'_E, A v ) 0 ) 

contains a representative supported on Se- Let h £ Z 1 (T'e/Fi Maps(f?E, A v )q) 
and write supp(h) c Se for its support. Suppose the set supp(/i) \ Se is non¬ 
empty and choose a place w in it. Choose cr £ T e/f such that aw £ Se as well 
as vo £ Se with av q = vq, the latter being possible by Conditions 13.3.11 Con¬ 
sider the element h(w) 0 (S w — Sy 0 ) £ A v 0 Maps(S'_E, Z) 0 = Maps(S , £;, A v ) 0/ 
where S w is the map with value 1 on w £ Se and value zero on Se n { w }. 
Then h! = h + a(h(w) 0 (S w — <5* 0 )) — h(w) 0 (8 W — 5y 0 ) has the same image in 
H~ 1 (T e /f, Maps(ST;, A v )o) as h, but supp(h') \ Se = supp(/i) \ (Se U {w}). 
Applying this procedure finitely many steps we obtain a representative h" of 
the cohomology class of h with supp(/i") C Se- □ 


Let P E g E N be the finite multiplicative group over Of.s with X*(P E Ee n ) = 
M e g E N - Let A be a finite 7j\P e /f \-module with exp(A)|iV and let 'Z be the 
finite multiplicative group over Of,s with X* (Z) = A. Composing the map 

’L e,s,n ■ Hom(A, M E Ee N ) t ->• H'- l (r E /FMaps(S E ,A s/ )o) 

of the above lemma with the map Q e ,s introduced in the previous Subsection 
we obtain a map 

& e,Se,n '■ Hom ( P E,s E ,N> Z ) T = Hom(A, M E Ee N ) t -t H 2 (V S , Z(O s )). (3.5) 
which is functorial in Z. 

We may apply this map to the special case A = M E $ E N - In that case we 
have the canonical element id of the source of (13.5b and we let t; E g E N 6 
H 2 (Ts,P e s e n(Os)) be its image. We will now study how the classes £ E Ee n 
vary with N, S, and E. First, let N\M. The obvious inclusion M E Ee n —t 
M e,SeM s ives rise to a sur i ecti on P e ,s e ,m p e,s Ei n • Let 

P E,Se = ^YP P E,Se,N- 

N 


Lemma 3.3.3. We have the equality 

h 2 Fs,P e ,s e (°s)) = ^ h 2 Fs,P e ,SeA°s))- 

N 

The elements £ s § E N form a compatible system and thus lead to an element £ s g E g 
H 2 (Ps,P e ,s e (Os)). 

Proof. The claimed equality follows from |NSW081 . Cor. 2.7.6] and HNSW081 
Thm. 8.3.20]. To prove that the classes f E g E N form an inverse system, con- 
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sider the diagram 

Horn {M E g E N ,M E g E N ) i s- H 1 (V EtF . Maps(5' £ ), ^ jAr )o) 


\]/ JP C ]\/[ 

Hom(M Et g EtN , M e s e M ) H 1 (r_E,_F,Maps(5'_E,M^ ^ N ) 0 ) 


\J/ c* M ^ 

Horn (M E g E M ,M E g E M ) “■ H 1 (rE i _F,Maps(5 , B,M^ ^ M )o) 

All vertical maps are induced by the inclusion M E n —>• M B g E m . The di¬ 
agram commutes by Lemma 13.3.21 part 2 being responsible for the top square 
and the functoriality statement in part 1 for the bottom square. The elements 
id G Horn (M Ei g E ^ N ,M Et s EtN ) r and id G Horn {M E s e M ,M e ^ e M ) t both 
map to the natural inclusion in the middle left term, hence the correspond¬ 
ing classes in H~ 1 also meet in the middle right term. The functoriality of 
the map Q E ,s now implies the claim that the classes f E Ee m form an inverse 
system. □ 


Next we consider a finite Galois extension K/F containing E and a pair (S', S' K ) 
satisfying Conditions 13.3. l| with respect to K and such that S C S' and Se C 
(S'k)e- We shall abbreviate this by saying 

(■ E,Se,N)<(K,S' k ,M ). (3.6) 

Note that, given E, (S, S E ) and K, it is always possible to find such a pair 
(S',S' K ). Let 

M e ,s e ,n M k ,s' k ,N’ f ^ f K (3-7) 

be defined by 

K , x J/(o\p(«)), a~ 1 u€ S' K nS K 

1 ‘"'"Mo, else 


This map is immediately verified to be l ^/z -equivariant, where V K / F acts on 
M e g E N via its quotient T e /f- 


Lemma 3.3.4. For any finite T s i F -module A with exp(A) \N, thefollozving diagram 
commutes 


Hom(A, M E g E N ) r ■ 

E3 


e,s e ,n 


■ H 2 (T S , Z(O s )) 


Inf 


Hom(A, M k e , n 


„ K,S',N 

) r -- —H 2 {Ys',Z(Os’)) 


Proof. This follows immediately from Lemma 13.2.81 Composing the left map 
in this diagram with T>k,s’,n gives the same result as composing T Et s,N with 
themapfT _1 (r E / F ,Maps(5'_E, A v ) 0 ) —t EI~ 1 (T K / F ,Maps(S'^, A v ) 0 ) thatisthe 
composition of the two left maps in the two diagrams of Lemma r3.2.8l □ 

Lemma 3.3.5. The image of f K E , N under the map H 2 (Ts>,P K s' k ,n(Os>)) ~t 
H 2 (Ts',P e g E N (Os')) induced by <!3.7b is equal to the image of£ E g E N under the 
inflation map H 2 (T S , P e ,s e ,n(°s)) -»• H 2 (TS', P e ,s e ,n(°S'))- 
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Proof. The proof is similar to that of Lemma T3.3.31 We consider the diagram 


Horn (M E g EN ,M E g BN ) r “ H 2 (Ts,Pe,s e ,n(Os)) 


Inf 


e K S' 

Horn {M E g E N ,M K g, N ) T H 2 (Ts>,P E! s e ,n(Ps')) 


Horn (M K g, K lf , M k ^s' k , n ) T ^ P 2 (Xs', Pk,s’ k ,n(Qs')) 


All vertical maps except for the inflation map are induced by (13.7b . The top 
square commutes due to Lemma 13.3.41 while the bottom square commutes by 
functoriality of 0 ^ s , N . Since the two elements id of the top and bottom left 

term meet in the middle left term, the corresponding elements f E Ee N and 
£ k s 1 n the top and bottom right term meet in the middle right term. □ 


It is easy to see that the maps d3.7b are compatible with respect to N and thus 
splice to a map 

P k,s’ k ~* Pe,s e 

which maps the class £ K g^ to the class f E g E . Let P t be an exhaustive tower of 
finite Galois extensions of F, let S, be an exhaustive tower of finite subsets of 
Vf, and let Si C S^e, he a set of lifts for Si. We assume that Si C Si+i,^ and 
that (Si, Si) satisfies Conditions 13. 3. II with respect to Ei/F. Then 

7 = |imS, (3.8) 


is a subset of Vp of lifts of Vf and 

Py = (im c (3-9) 

i 

is a pro-finite algebraic group defined over F. For each finite multiplicative 
group Z defined over F (now without any condition on its exponent) we obtain 
from 0^ ^ N a homomorphism 

©£ : Hom(Py, Zf -> H 2 (T , Z(F)), (3.10) 

which is surjective according to Corollary l3.2.9l 

We can reinterpret 0F in the following way that will be useful later. Let y, = 
f E . g denote both the distinguished element of H 2 (Ts , P E g (Os)) and its im¬ 
age in H 2 (T, P e g (F)). According to Lemma 13.3.51 the sequence (f t j provides 
a distinguished element of Urn // 2 (L. P E g (F)). According to 1NSW08I , Theo¬ 
rem 2.7.5] the natural map fT 2 (T, Py(F)) —> Ijm H 2 (T, P E . g.(F)) is surjective. 
Then 0^(<p) = <p(£), where £ € H 2 (T, Py(F)) is any preimage of (£,). Since 
any ip factors through the projection Py —t P E s for some i, the choice of £ is 
irrelevant. 

Lemma 3.3.6. Let Z be a finite multiplicative group defined over F and let A = 
X*(Z). Let A v [G]o denote the group of finitely-supported maps f : V — > A y satisfy- 
ing J2i,£v f(v) = 0- Let A v [V r ] 0jOO be the subgroup of those f that in addition satisfy 


29 





















f(v) = 0 ifv 6 Vf is complex, and f(v) + crf{v) = 0 ifv G Vf is real and a e T* is 
f/ze non-trivial element. 

There is a natural isomorphism 

HompiPy, Z) —> A V [I ]o,oo- 

Proof. By the finiteness of A we have Hom^(Py, Z) = Hom(A, lim M E g ) r = 
liu ; iHom(A, M r . s ) r - B y Lemma 13.3.21 the latter is equal to lim A v \Sj]^ Ei/F , 
where the transition maps are given by the inclusion Si —> Si+i which sends 
w S Si to the unique place of S§ + i lying above w. Here A y [•?-,:signifies the 
subgroup of those elements of A v [S^eJo which are supported on S t and killed 
by the norm N E ./ E . In view of the support condition, the second condition is 
equivalent to N Ei) / Fv f{v) = 0 for all v € Si. □ 

We will now show that <13.10b behaves well with respect to localization. To de¬ 
scribe this, we need to recall the local counterpart of Py from IKall6l §3.1]. Let 
v £ V. Associated to the local field F v there is the pro-finite multiplicative 
group u v introduced in lKa!16l §3.1]. It is defined as ^rm^ F N u E „/f v ,n, the 
limit being taken over all finite Galois extensions E v /F v and all natural num¬ 
bers N. Here X*(u Ev / Fv ^ N ) = I Ev / f ^,n is the set of those maps / : V Ev / Fv —t 
■L-Z/Z that satisfy 'f2 T &r E /F /( r ) = 0 an d f° r a tower of finite Galois exten¬ 
sions K v /E v /F v and N\M, the transition map I Ev / Fv ,n —> Ik v /f„,m is given 
simply by composition with the natural projection T Ev /f v —> T Ev /f v and the 
natural inclusion -LZ/Z —> -jZ/Z. 

If Z is a finite multiplicative group defined over F v with cxp(Z)\N, and we set 
A = X*(Z), then we have the isomorphism 

'&E V ,N ■ Hom(A, I Ev /F v> N) r ~t Z 1 (J'e v /F v iA W ), F[ HO- h 

defined by h(a) = //(a. 1). The composition of this isomorphism with the map 
0 E v discussed in Subsection 13.21 provides a homomorphism 

: Hom(i ie v /f v ,Ni Z) r ” —> H\F V , Z). 

Applying this homomorphism to the case Z = u Ev / f„ . n we obtain a distin¬ 
guished element £ Ev /f v ,JV G FI 2 (r v , u v ) as the image of the identity map. We 
can then reinterpret Q Ev N as the homomorphism that maps ip to ip(S, f„ / f.„ . jv) ■ 
The transition map u Ev /f v ,m —> u Ev /f v ,n sends £k v /f v ,m to £e v /f v ,n and the 
system S,e v /f v , n thus leads to a distinguished element f„ £ F[ 2 {Y v ,u v ). We 
refer to IKall6l Lemma 4.5, Fact 4.6] for more details. We obtain a map 

0“ : Horn (u v . Z) T » ->■ H 2 (T V , Z) 

that sends tp to p(f v ). It is surjective [Kali 6) Proposition 3.2]. 

We now define a localization map 

locf : u v —t Py (3.11) 

for v £ V as follows. Fix a finite Galois extension E/F, a pair (S, S E ) satisfying 
conditions 13.3. II with v £ S, and a natural number N £ Ng, and consider the 
map 

IoCv E ’ S b ' N : M eJSe N -»■ I Ev/Fv , N , H i t H v , 
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given by H v (r) = H (t, v) for r e ^ejf v - We have 

0 = H ( a ’ v )= ij ( r w)= Y1 h v( t )- 

(T€lTe/F r ^E v /F v r ^E v /F v 

and this shows that loc v e,Se,n is well-defined. It is evidently T Ev /^-equivari- 

p 

ant. We will write Ioc v e,Se,n : ue v /f v ,n —t Pe s e n f° r the dual of this map. 

p 

For varying N, these maps splice to a map Ioc v e ' Se : u v —t P E § . For varying 

p _ 

i, the maps loc v " ' in turn splice together to form the map <3.111 . 

Lemma 3.3.7. Assume that E/F splits Z, (S,Se) satisfies Conditions 13.3.11 and 
N £ is a multiple ofexp(Z). We have the commutative diagram 

Hom(P E j BtN , Z) r H 2 (r, Z) 

Hom(u Ev/FvjN , Zf « H 2 (Y v , Z) 

where the right vertical map is the localization map given by restriction to T v followed 
by the inclusion Z(F) —> Z(F V ). 

Proof. Set A = X*(Z). According to Lemma 13.2.61 it is enough to show that the 
following diagram commutes 

Hom(A, Ie v /f v ,n) Tv - H~ 1 (T Ev / Fv , d v ) 

where the right vertical map is restriction to F e v /f v followed by projection 
onto the u-th component. Explicitly, this map sends h £ Maps (,ST- A v ) 0 to the 
element of .4 V given by 

a M- Th(T~ 1 v,T~ 1 a) 

Ter e v /f v \r e/f 

where t £ Te/f is any representative of the coset r. The resulting class in 
H~ l {TEy/Fy-, d v ) is independent of the choices of representatives. 

The composition of this map with T e,S,n thus sends H £ Homfd. M E Ee N ) r 
to 

a i-» TH(j~ 1 a,\ 1 f~ 1 v). 

t <STe v /f v \Te/f 

Each summand is equal to H(a,r,v) and since?; £ S E the definition of M E Ee n 
implies that H{a 1 r 1 v) = 0 unless r 1 £ P Ev /f v • Thus all summands are 
zero except for the summand indexed by the trivial coset r, for which we 
may take the representative t = i £ r e/f- We conclude that sending H £ 
Horn(.4. M e Ee v ) r first horizontally and then vertically provides the element 

of H~ 1 (T Ev /Fy d v ) represented by a II (a, 1, v). Recalling the definitions of 

M e g n 

loc„ ’ E ' and '1 e v ,n this element also represents the image of H under the 
composition of these two maps. □ 
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Corollary 3.3.8. For v £ V consider the maps 

H 2 (T,Py(F)) H 2 (T v ,P v (F v )) <- U 2 (r„,u„), 

the left one being given by restriction to T v followed by inclusion F x —>■ F v *, and the 
right one being given by loc££. If £ £ H 2 (T, Py(F)) is any preimage of (ff, then the 
images off and in the middle term are equal. 


Proof. We have H 2 (T v ,Py(F v )) = l^m H 2 (T„, P w . g. M . (F v )) and H 2 (T v ,u v ) = 
^im H 2 (T Vl u Ei ^/ Fv}Ni ) according to 1NSW081 Corollary 2.7.6], where £ Ns 4 
is a co-final sequence in N. It will be enough to show that the image of v /F„,Ni 

_ p 

in H 2 (T v , PEi,Si,Ni (Fv)) under loc v Ei,Si ’ Ni coincides with the image of £ Ei,Si,Ni 
under the usual localization map H 2 ( r, PEi.Si.Ni(F)) — t H 2 (T V , PEi,Si,Ni(F v )). 

We have the commutative diagram 


End(P E .g. Jv .) 1 


- nom(u Ei>v / FviNi , P Eii g iiN .) 


H 2 (T-P, 


Ei.Si.N. 


(F)) 


-H 2 (T V ,P, 


TP.. Q. AT 


(F,)) 


End (uE itV /F v , Ni ) T '“ 

®E iv ,Ni 

H 2 (r v ,U EitV /Fv,Ni) 


where the left square commutes according to Lemma 13.3.71 applied to Z = 
P E s E N' while the right square commutes by functoriality of Q Ev n i n 


Now £ Ei N £ P 2 (r, P E . g. N .) is the image of id £ End(P E . g. N .) T , while 
£Ei, v /F v ,Ni G H 2 (T v ,UE i v /F v ,Ni) I s Ihe image of id £ End(uE iv /F % The 

p 

two elements id both map to loc v Ei ’ 4 ' * e hl om ( M Bi,„/F„,Ar i ,h > E . j g. Ar .) r ’'. □ 


3.4 The vanishing of iT^T, Py) and Tf 1 (E^, Py) 

The purpose of this subsection is to prove the vanishing of the cohomology 
group // ' (!’. Py(F)) and, for each v £ V, of the local cohomology group 
H 1 (T Vl Py(F v )). Via local and global Poitou-Tate duality this will be reduced 
to the study of the cohomology of the finite modules M E g E N . We begin by 
giving a description of these modules that is slightly different from their defi¬ 
nition. 

Lemma 3.4.1. TheT E / F -module M E g E N can be described as the set of functions 

f : S x T e /f ~> -^Z/Z 

satisfying the two conditions 

1 - EcrerE/p,* f( v ’ dcr ) = 0 for all 9 £ V E/F and v £ S; 

2- E-ugs f( v ’ 0) = H/ or ^ e r e/f- 

and with T E / F -action given by [t(/>](v, 6) = f(v, t~ 1 9). 

Proof. This follows from the change of variables / <j> given by <j>(v,a) = 

f (a, crv). □ 
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The fist condition implies that for any complex archimedean place v £ S and 
any 9 £ T E / F the value <p(v, 8) is zero. We may thus replace the set S by the 
complement S c of the complex archimedean places. We will write S E for the 
set of all places of E lying above S c . 

Lemma 3.4.2. The sequence 

0 —t M e t s E ,N -* Maps(S c , Maps(T E/F , —Z/Z)) 0 — > Maps(S E , —Z/Z) 0 —t 0 

is exact. Here, the second term consists of the set of maps S c xF e / f —> jjZ/Z that 
satisfy the second of the two conditions in Lemma \3.4.U and the map from this term 
to the next is given by </> £ with £,(6v) = 9a) for 9 £ V E / F and 

vGS. 


Proof. First we note that £ is well-defined and we have 

£0 )=H <t>(v,8)=0. 

w^S'g v£S c 0 £F E /f/Fe/f,v v£S c 0£Fe/f 

We need to show that for any £ there exists a </> mapping to it. We begin with 
the special case £ = a(S Wl — S W2 ), where a £ jjZ/Z and roi / ro 2 £ S E he 
over the same element v\ £ S c . Choose #1, $2 s T E / F such that 0\V\ = w\ 
and 02^1 = w -2 for the representative v\ £ S E of v\. By part 4 of Conditions 
I3.3.1l there exists v$ £ S E with 9f l 9ii>o = vq. Note that automatically vq f v\. 
We now define f £ Maps(5" c , Maps(T F / F , j^Z/Z)) 0 by making all of its values 
zero except 

<l>(vi,di) = a, <f>(v 0 ,9i) = -a, f(vi ,9 2 ) = -a, f(v 0 ,8 2 ) = a. 



Then <f> is a preimage of £. 

Now consider a general £ £ Maps(5 F , -j-Z/Zjo. Using the special elements just 
discussed, we can modify £ to achieve that it is supported on S E , in which case 
we can define a lift <j> of it simply by <j>(y, 1) = £(i>) and 9) = 0 for Of I- □ 


In terms of the variables <j>, the transition map (13.71 1 takes the form 


f K {v,0) 


<j>(v, 6), v £ S 

0, else 


(3.12) 


for any v £ S' and 9 £ V K / F . This transition map fits into the commutative 
diagram 


0-^ m b,Se,n -Maps(S" c , M E , N )o -Maps(5'|, ^Z/Z) 0 ->■ 0 


0-^ m k,s' k ,m -^ Maps(S ,,c , M KtM ))o ->- Maps(S^, ±Z/Z) 0 -0 

(3.13) 

where the horizontal exact sequences come from Lemma 13.4.21 and we have 
abbreviated 

M e ,n = Maps(T F / F , —Z/Z). 
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The left and middle vertical arrows are both given by i— d> K . The right 

vertical arrow is given by £ i—>• £ A , where 

Z K (u) = \r K/EtU \t(p(u)) (3.14) 

for any u £ S F with image p(u) £ S F , and £ A (it) = 0 for u £ S F \ S^. 

The following two lemmas will allow us to control the colimits of the terms in 
the exact sequence of Lemma [3.4.21 

Lemma 3.4.3. Given (E, S E ,N) there exists ( K, S' K , M) > ( E , S E , N) as in (13.61 1 
such that for all subgroups A c Pk/f the transition map 

Maps(S F , ±Z/Z)£ MapsjS g, ^Z/Z) 0 A 
Maps(S c ,M E , N )£ Maps{S' c ,M KM )£ 

is zero, where we have used the quotient notation as a short-hand for the corresponding 
cokernel. 


Proof. Let K\/E be such that all real places of F are complex in K\ and that 
\T Ki /e,u\ is a multiple of N for all p-adic places u £ Sk,. Let Ni = 2 N. For 
any £ £ Maps(5£, -^Z/Z) its image £ Al £ Maps(S'^- i , -^-Z/Z) is supported on 
Sr, Ei by ( 13.141) and its values are divisible by 2. 

Given £ £ Maps(5'§, -^Z/Z)^ we choose a A-invariant function £ : Su, El —> 
Z/Z with 2£(w) = £ Al (w). We may not be able to arrange that the sum of the 
values of £ is zero, but this will not matter. Fix an auxiliary p-adic place v 0 £ S. 
Define a function <j> : S x T Ki/f -> j^-Z/Z by (j>(u, 9) = £(0u) for all 0 £ T Ki /f 
and all u £ Sr. The function is to be zero at all w £ S \ 5® except for w = uo, 
in which case we set <j>(vo, 6) = — Then f £ Maps(5" c , M Ei ,n 1 )o‘- 

If £<£ is the image of <f in Maps(<Sg 1 , -^-Z/Z)^ then we have £^(u) = £ Al (it) 
for all u £ Sr, E i - The function £^ is supported on Sr, Ei U {rc|i’o} and we may 
have ^{w) f £ Al (u;) for u;|u 0 . Using that vq is a p-adic place we now choose 
a Galois extension K/F containing Ki so that \Pk/k 1 ,v 0 \ is a multiple of N\. 
Then (¥ is supported on So w bv formula (13.14b. We still have #(«) = € K (u) 
for all u £ Sr, e and thus £ A = £ A . But £ A lifts to f K . □ 

Lemma 3.4.4. The following colimits over (E, Se, N) vanish. 

1 . limH 1 (T,Maps(S c ,M e ,n)o) = 0 ; 

2. lim H 2 (T,Maps{S c ,M E , N ) 0 ) = 0; 

3. lii^fT 1 (r i) ,M«ps(S' c ,M£; j jv)o) = 0 for all v £ V(F). 


Proof. The inclusion of Maps(S' c , M e ,n)o into Maps(5" c , M e ,n) has a V E / F - 
equivariant splitting, given by choosing an arbitrary place of S c . Thus this in¬ 
clusion induces an inclusion on the level of cohomology. We may thus replace 
Maps(5' c , M e , jv)o by Maps(S' c , M E ,in the vanishing statements above. The 
latter 1’-module is the S c -power of M e ,n- In the ,3'-variable the transition map 
is just the inclusion of S into the larger set S', so what we want to show is the 
vanishing of the cohomology of M e ,n, where the colimit is taken over E and 
N. 
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We begin with H 1 (T,Me,n)- Since M e ,n — Indp E -i-Z/Z the transition map 
7h 1 (r, Me,n) —> // ' (1\ Me.m) is translated via the Shapiro isomorphism to 
the restriction map Hornes, -^Z/Z) —>• Hom(IV, -UZ/Z). Any homomor¬ 
phism r e —t -y Z/Z has kernel of finite index in IV and there is thus a Galois 
extension K/E s.t. I V is contained in that kernel. 

Turning to if 1 (T„, Me,n), according to the Mackey formula and Shapiro lemma 
we have 

H\T v ,M EtN ) = 0 H\T Ew ,^Z/Z), 

w\vp 

where the sum runs over all places w £ S E lying above v f ■ The transition map 
M e ,n —> Mk.m induces on the right hand side of this equation the restriction 
map H 1 ( T e w , ^Z/Z) —> H 1 (Fk u , -jjyZ/Z) given for any u\w by the inclusion 
Vk u —> F Ew - Now the set Tf 1 (T Ew , -j^Z/Z) = HomfTB^, -L.Z/Z) is finite and 
hence the intersection of the kernels of its members is an open subgroup of . 
Thus for K large enough the image of the inclusion Tk u —> L/?,,, is contained 
in this open subgroup. 

For fJ 2 (r, Me n) we use INSW081 Theorem 8.4.4, Proposition 8.4.2] which tell 
us that we are studying lim // 0 (I’ e■ G[7V]), the limit being taken over all finite 
Galois extensions E/F and natural numbers N. For K/E and N\M the tran¬ 
sition map H°(Tk,C[M]) —> H°(T E , G[7V]) is given by the M/N -power map 
C[M] —y C[N ] and the norm for K/E. Recall from INSWO 8 1 , I.§9] that each 
individual H°(Te,C[N}) is the limit of quotients C e [N] / N K / E Ck[N] taken 
over all finite Galois extensions K/E. One now observes directly that this 
double limit is equal to zero: Let (, x e ,n ) be an inverse system of elements 
x E ,i v £ H°(F e , C[iV]). Write each x E . tv itself as an inverse system x e. jv. k £ 
C e [N]/N k ie(Ck{N]). Now fix E, N , K. Since xk,n maps to x e ,n, each x e ,n,k 
is the image of some xk,n,l under N K / E , but N k / e (xk,n,l ) is zero in the quo¬ 
tient Ce[N}/N k/e (C k [N}). ' ’ □ 


We now come to the proof of the vanishing statements concerning Py 
Proposition 3.4.5. For any v £ V we have H 1 (T V , Py(F v )) = 0. 


Proof. According to f NSW08[ Theorems 2.7.5, 7.2.6,7.2.17] we have 

H {T v ,Py{F v )) = ^im F[ (r„, P E y E M (F V )) = (lirqiT (f'v,M E g EN )) . 
We obtain from Diagram (13.13b the short exact sequence 
Maps(S|, ^Z/Z)£« 


0 -t 


0 ->■ H\T v ,M E s e N ) -> H\T v ,Maps(S c ,M E ,N)o)- 


Maps (S c ,M e ,n) 

According to Lemmas 13.4.31 and 13.4.41 the colimits of the two outer terms are 
zero. □ 


Proposition 3.4.6. H 1 ^, Py(F)) = 0. 


Proof. Using the localization sequence 

0 ker 1 (T, Py) -> H\T,Py) [] H^T^Py) 

iev 
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and Proposition 13.4.51 it is enough to show kcr 1 (T, P v ) = 0. According to 
I NSW08 1 Corollary 2.7.6] we have i/ 1 (r,Py) = jimU'^Pg g E N ) and thus 
ker 1 (r, Py) = lim ker 1 (!’. P E g E N ). According to Poitou-Tate duality IINSW081 
Theorem 8.6.7], we are trying to show lim ker (T, M E g E N ) = 0. 

We have the following piece of the long exact cohomology sequence 

-ff 1 (r,Maps(£' c , M e ,n)o) -f F 1 (r,Maps(5^ ^Z/Z) 0 ) H 2 (T, M E ^ N ) 

—> H 2 (T, Maps(5 c , Me,n)o) ~*■ 

and after applying the exact functor lim and Lemma 13.4.41 we obtain the iso¬ 
morphism 


lii^iJ' 1 (r,Maps(S'|, -^Z/Z) 0 ) -t lin^ff 2 (r, M K ^ M ). (3.15) 

We will now study its source. We have the exact sequence 

0 -> Maps(Sg, -^Z/Z) 0 Maps(S£, -^Z/Z) -»• j^Z/Z -»• 0. 

The transition map for K/E induces the multiplication by [K : E ]-map on the 
-F-Z/Z-f actor. It follows that the natural map 

limfL 1 (P, Maps(5'£, -^Z/Z) 0 ) -> Maps(S|, -^Z/Z)) 

is an isomorphism. For a fixed E we have the isomorphism 

iT 1 (P,Maps(S'^, -^Z/Z)) -> 0 H\T e -T.^Z/Z). 

ves c 

On the target of this isomorphism the transition map is given, at each place v £ 
S c , by the restriction map H 1 (Te ■ T*, -^-Z/Z) —> H 1 (Tk ■ r*, -^-Z/Z) followed 
by multiplication by IPif/s,*!- For any given element of the right hand side 
at level E we may thus choose K large enough so that the ^-component at all 
p-adic places v £ S becomes zero and moreover the restriction to IV of the 
c-component at all real places v £ S is zero. We may also assume that v is 
complex in E for any real v £ S, so that IT fl 1 'e = {1} = P* d I’/<. We obtain 

Y^H\TM^V<Se^Z/Z)) s* 0 Hom(r*,Q/Z). 

vEVf, r 


Consider now the injective map 

0 ^(r^iz/z) -J. if^r.Maps^.iz/Z)), (3.16) 

vESr 

which, according to the argument just given, becomes bijective in the limit. The 
composition of this map with the localization map 

^ 1 (r,Maps(5 £ ,^Z/Z)) -»■ 0 H 1 (Ty ,Maps(S e , -j-^Z/Z)) 

veSs. 


stays injective, because it factors the identity on 0 (l ,- S j h\ r^z/z). 
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Take an element of limker 2 (r, M E g E N ). Via (13.15b . this element lifts to an ele¬ 
ment of H 1 (T, Maps(£>,E, -^Z/Z)o) for a suitable choice of E, S, and N. Enlarg¬ 
ing this choice if necessary this element can be brought to he in the image of the 
injection 13.1 6b . The element of fT 1 (T, Maps(57-;. ^Z/Z) 0 ) has the property that 
its localization at each place v £ V is killed by the connecting homomorphism 
to H 2 (Ty, M E g E N ) and thus lifts to an element of 7T 1 (r*,Maps(5', Me,n) o)- 
Since the colimit of these groups vanishes, we may enlarging E sufficiently to 
arrange that for each v € Sr this lift becomes zero. We thus achieve that the 
localization at each v £ Sr of the element of fP(T, Maps(S7;, ^Z/Z)) that we 
are looking at is trivial. But this element came from H 1 (T i , jj-Z/Z) and 

thus must have been trivial itself. □ 


3.5 The canonical class 

In Subsection 13.31 we constructed a canonical element (£*) of the inverse limit 
lim H 2 (T, Pj(F)). According to 1NSW08 1 Corollary 2.7.6] we have the exact 
sequence 

0 —t ^m 1 H 1 (T,Pi(F)) —t H 2 (T,Py(F)) —> ^im7T 2 (r, Pj(P)) —t 0 

We do not know if the lim -term vanishes. The purpose of this section is to 
show that nonetheless there is a canonical element £ £ H 2 (T, Py(F)) that lifts 
the system (£*). For most of our applications we can make do with an arbitrary 
lift of (£*), so the reader is encouraged to skip this subsection on a first reading. 

Let us abbreviate Pi = P E g. N . and Mi = M E . ^ N _. Put M = lim Mi and 

P(R) = hm Pi(R) = Homz(M, R x ) for any P-algebra R. Let pi : P{R) —t 

Pi(R) be the natural projection. We will in particular be interested in R = A = 

F A = lim A e, where E runs over the set of finite Galois extensions of F. 
—yE 

We have P*(A) = Hom^jM;, A x ) = lim^P^As). Note here that P(A) is not 
the same as lim £ P(Ae), the latter being in fact the trivial abelian group. 

For each v £ V let A, ; = F <8>f F v . The group of units A* in this ring is a smooth 
T-module, and is in fact isomorphic to the smooth induction Ind J - ^ F v X . We 
have the Shapiro isomorphisms : H k (T v , Pi(F v )) —t F[ k (T,Pi(A v )). They 
are functorial and hence provide an inverse system with respect to i. Fur¬ 
thermore we have the isomorphisms Ft k (T,P(A v )) = Km H k (T , Pi(A„)) and 
H k (Y v ,P(F v )) = ^imP fc (r,P(p;)) of IIWei94l . Theorem 3.5.8] (note that P„ x 
and A (( are divisible groups, so for j > i the maps Pj(F v ) —t P, ( F v ) and 
Pj(A v ) —> Pi(A v ) are surjective). The inverse system of Shapiro isomorphisms 
thus gives the Shapiro isomorphism S k : F[ k (T v , P(F V )) —> fT fc (r, P(A V )). The 
local canonical class £„ £ II' 2 (V v , u v ) maps via the map S 2 o loc„ to a class in 
H 2 (T, P(A V )). 

We will now construct a canonical class x £ H 2 ( T, P(A)) that, for each v £ V, 
maps to S'^(loc„(^„)) £ Ft 2 (T, P(A V )) under the map induced by the projec¬ 
tion A —>■ A v . This is not entirely obvious, because there is no a-priori reason 
for the natural map H 2 (Y , P(A)) — > , II 2 (Y. P(A v )) to be either injective or 
surjective. 

For the construction of the class x we fix for each v a 2-cocycle 5 representing 
the class ( v £ II 2 (V v . u v ). We also fix for each v a section s : T„ \ T —>- F as 
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in Appendix [Bj thereby obtaining an explicit realization of the Shapiro map 
Si : C 2 (1 . A) —> C' 2 (r. Ind[A) on the level of cochains. It is functorial in 
X, commutes with the differentials on both sides, and is a section of the map 
in the opposite direction given by restriction to I ,, followed by evaluation of 
elements of Ihd [- X at 1. The functoriality of Si gives us an inverse system 
of maps Si : C 2 {T V , Pj(P„)) —> C 2 (T, Pj(A„)) which splices together to a map 
Si : C 2 (T V ,P{F V )) ->• C 2 (r,P(A„)). Let x v = P 2 (loc„(,£„)) G Z 2 (T,P(A V )). It 
is important to observe at this point that for a fixed i, Pi(x v ) is the constant 2- 
cocycle 1 for all v f Si, because for such v we have pi o Si o loc„ = S 2 op i o loc^ 
but pi o loc„ = 1. It follows that pi (x„) G Z 2 (r, Pi(A)). Moreover, these 
elements form an inverse system in i and hence lead to x G Z 2 (l\ P(A)). 

We claim that the class of x in H 2 (T, P(A)) is independent of the choices in¬ 
volved in its construction - the choice of 2-cocycle £„ G Z 2 (\\,, u v ) represent¬ 
ing the class f, for each v, and the choice of a section T* \ T —> T for each 
v. First, if for each v G V we replace £ v by £„ • dc v for some c v G C [ (F. u v ), 
then x v is replaced by x' v := x v ■ dSl (loc,.(c w )). For a fixed i, we have that 
Pi{x' v ) = pi{x v ) ■ dC Vii/ where C v>i = S^O^loc^c,,))). For all v £ Si we 
have C v ^i = 1 and so C, := Y\ V C V ^ belongs to C [ (F, P(A)) and the differ¬ 
ential dCi measures the difference between fl,. Pi(^v) and n,. Pi(x'v)- Letting 
C = lym C, G C 1 (r,P(A)) we obtain a 1-cochain whose differential measures 
the difference between x and x!. 

Next, to see that the choices of sections F* \ F —t T don't matter, for each 
v G V let s v and s' v be two choices of sections and let 5 2 and S' 2 denote the 
functorial Shapiro maps C 2 (T V ,X) —> C l2 (F. Tnd |_ X) respectively. Let x and 
x! be the two elements of Z 2 (L\ P(A)) obtained this way. Lemma IB. 41 gives 
us an explicit formula for a 1-cochain c v G C [ (F. P, (A V )) such that dc v = 
S„(loc„(£„)) • S , ^(loc„(^„)) _1 . From the explicit formula we see that for a fixed 
i and v ^ Si we havepi(c„) = 1 in C 1 (r, Pj(A„)). It follows that c = Y\ v c v 
belongs to C 1 (r, P(A)) and satisfies x ■ x'~ x = dc. 

We have thus obtained the canonical class x G // 2 (L. P(A)). We now want to 
argue that there is a unique element of H 2 (T,P(F)) whose image in II 2 ( V. P(A)) 
is x and whose image in l|rn // 2 (F. I\(F)) is (p). However, it turns out that 
working with // 2 (T. P(A)) is too difficult for this task. We shall instead replace 
the groups H k (T, Pi(A)) with H k (A,Ti — > Ui), where T.-, —> Ui is an isogeny 
of tori with kernel Pj, and the latter cohomology groups are the ones defined 
in IKS99 . Appendix C]. Those groups have the advantage of carrying a good 
topology, which we will use. We begin with the following. 

Lemma 3.5.1. For each i there exists an isogeny of tori f, : T, Ui defined over F 
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and with kernel Pi. We have the commutative diagram 


1 1 



1 - Pi+1 -Y-1-1 - U i+1 ->• 1 

1 -- Pi -- Tt -- Ui -- 1 

1 1 1 


in which Ki and K[ are tori. 

Proof. We will inductively construct exact sequences of 1-modules 


0 ->• Xi -t Yi -»■ Mi ->• 0, 

where M t = M E <j v and Xi and Y are finite-rank free Z-modules. For i = 1 
we take Yi to be the free Z[T-module generated by the elements of M\, on 
which we let T operate through its quotient V El / F , and take for Y —>• Mi the 
obvious map. Assuming the t-th exact sequence is constructed, we take Y+i to 
be the direct sum of Y © Y/, where Y] is the free Z[r B . +1 / F ]-module generated 
by the set M i+1 \ Mi. The map Y+i —> M i+ i is given on Y by the composition 
Y —> Mi —> M i+ i and on Y [ by the obvious map to M i+] . The result is a 
surjective map Y+i —>• M l+ \ of F-modules. We then obtain the diagram 

0-- X l+1 -- Y+i- M l+1 -- 0 


0-- ^Y-- Mi -- 0 

with exact rows, where Y —> Y+i = Y © Y[ is given by the obvious inclusion. 
By construction the cokernel of this map is just Y- and hence Z-free. The kernel- 
cokernel lemma implies that the cokernel of X,; —» X,; +1 is a submodule of the 
cokernel of Y —> Y+i arid is thus also Z-free. □ 


For every F-algebra R we have the exact sequence 

1 ->■ Pi(R) -»■ Ti(R) ->• UfR). (3.17) 

The last map need not be surjective, even when R is an F-algebra, as for exam¬ 
ple in the case R = A. This exact sequence leads to an injective map 

H 1 ^, Pi (A)) ->■ H\A,Ti -»• Ut). 

Let us recall that W (A, 7) —> Ui) are the cohomology groups of the complex 

C j ( A, Ti Yi) := C J (r, Y(A)) © C fJ " —1 (r, Y,(A)) 
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with differential sending (01,02) to {dc\ , f , ) — dc-2 ) . On the right we are 
taking continuous cochains of the profinite group T valued in the discrete F- 
modules T)(A) and P,( A). Due to the fact the kernels of T i+1 —*■ T t and U i+ 1 — > 
Ui are tori, the maps T i+1 (A) —t Tf A) and P i+ i(A) —t Pj(A) are surjective, 
which implies that the induced map 

C"'(A,T i+ i -> I7 i+1 ) ->■ CP (A, T) -> Ui) 

is also surjective. It follows that for fixed j the inverse system C :> (A. 7) -a U,) 
satisfies the Mittag-Lefler condition and then from HWei94l Theorem 3.5.8] we 
obtain the exact sequence 

1 -> ^im 1 H 1 (A, Ti -)■ Ui) ->• H 2 (A,T ^ U) -> l)m H 2 (A, Tj -> C/*) -4- 1, 
where in the middle we are taking the cohomology of the complex 

CP(A,T -t U) := |mC j (A,Ti -»• Ui) = C j (T,T(A)) © CP" 1 ^ P(A)), 

with 

T(A) = l^mTi(A) and 17(A) = ^jm Pi (A), 

being continuous l-modules endowed with the topology of the inverse limit 
of discrete L-modules. 

Taking the inverse limit of 13.17b for R = A we obtain the exact sequence 

1 P(A) T(A) P(A) 
and hence a map (which may fail to be injective) 

H 2 {T, P(A)) -»• H 2 { A, T -t 17). 

We also have the map H 2 (T, P(F)) —> H 2 (T,P(A)) induced by the natural 
embedding F — > A. 

Proposition 3.5.2. There exists a unique element of H 2 (T,P(F)) zvhose image in 
limiT 2 (r, Pi(F)) equals the canonical system (7i) and whose image in f7 2 (A,T — *■ 
U) coincides with the image of the class x £ i7 2 (r, P( A)) there. 


Proof. Let 7 £ 77 2 (r, P(F)) be any preimage of (£$) £ Umf7 2 (r, Pj(P)) and let 
7a he its image in // 2 (F. P(A)). We map 7a and x via the maps 

P 2 (r,P(A)) -i- H 2 (A,T^U) -t ^mP 2 (A,P -t Pi)- 

According to 1KS991 Theorem C.l.B] and the surjectivity of Ti(F v ) — > UfF v ) 
we have 

H 2 (A, Tj ->• Pi) = TT' H 2 {F v , Ti -»• Pi) = ff' H 2 {F v ,Pi). 


By construction, for any v £ V, the image of pi(7 a) in H 2 (Ty, Pi(F v )) un¬ 
der restriction to T* followed by projection to the 7-component is the same 
as the image of Pi(£) = p under the usual localization map lT 2 (V, Pi(P)) — t 
H 2 (Ty,PfF v )) given by restriction to 17,, followed by inclusion P —> Fy. At the 
same time, the image of pf x) in FL 2 {Ty : Pi(F v )) is pi(loc„(7u))- According to 
Corollary l3.3.81 these two elements are cohomologous in II 2 (V v . f\(F v )) for all 
i. It follows that the images of 7 a and x in KmH 2 (A, Ti — > P, ) are equal. The 
next lemma will allow us to improve this equality. 


40 










Lemma 3.5.3. The natural map 

^im 1 H\T, Pi(F)) -)• ^im 1 if 1 (A, T t ->• U t ) 

is an isomorphism. 

Proof. Recall the cohomology group // 1 (A/ F. Ti —> U,), also defined in 1 KS991 
Appendix C]. The authors define (see (C.2.6)) a closed subgroup // ' (A/F, Ti —► 
t/i)i which they show f KS99[ Lemma C.2.D] is compact. Since Ti —>- II, is an 
isogeny, this closed subgroup is in fact all of // ' (A/F. 1\ —>• t/,), which is thus 
itself compact. From [IKS991 (C.1.1)] we obtain the short exact sequence 

1 -»■ H 1 (F, Tj, -)• f/ i )/ker 1 (F, T) -»■ U t ) ->■ H 1 (A, Ti -> F*) cok^F,!* ->■ F») -»■ 1. 

According to I KS991 Lemma C.3.A] the last term in this sequence is an open 
subgroup of H 1 (A/F, Ti —> Ui), hence also closed, and thus compact. It follows 
that lim 1 cok 1 (F, Ti —> Ui) = 0. 

We claim that also hm cok 1 (F. 7’, —» Ui) = 0. To see this, we apply I KS99j 
Lemma C.3.B] and see that the compact group cok 1 (F, Ti —» Uf) is Pontryagin 
dual to the discrete group H 1 (Wp,Ui —¥ Tfj^fker 1 (Wf, Ui —> Ti) red . Since the 
map Ui —t Ti is an isogeny, the injective map fT 1 (F, Ui —t Ti) —t H 1 (Wf , Ui —> 

Ti) is in fact an isomorphism, and the same is true for the local Weil groups 
Wf v in place of Wf as well, so the above quotient is equal to // ' ( F. U, —t 
Ti)red/ker 1 (F, Ui —> 7’,)red ■ The argument in the proof of BKS991 Lemma C.3.C] 
shows that H\F, U { -t 7))red = H 2 (F,X*{Ui) -F X*(T))) = H 1 (F, M t ) and in 
the same way ker 1 (F, F, —> Ti) red = ker 1 (F, M, ). The claim will follow once 
we show that lim H 1 (F, Mf)/ ker 1 (F, Mf) = 0. The exactness of lin^ reduces this 
to showing lim // 1 (F, Mi) = 0. This follows from the exact sequence of Lemma 
I3.4.2l and Lemmas l3.4.3l and 13.4.41 

The (not too) long exact sequence for [ym now tells us that the first map in the 
above displayed short exact sequence becomes an isomorphism on the level 
of hm 1 . But the finiteness of ker 1 (F, 7) —>• Ui) by IKS991 Lemma C.3.B] implies 
that the map H 1 (F,T i —> Ui) —> H 1 (F,T i —t Ui)/ker 1 (F,T i —t Ui) also becomes 
an isomorphism on the level of hm 1 . The lemma now follows from H 1 (F, P,) = 
H 1 (F,T i -t Ut). □ 

We may thus modify £ by an element of hm 1 // 1 (L. I\(F)) to achieve that the 
images of and x in 77 2 (A, 7’ —» F) are equal. This proves the existence claim 
of the proposition. The uniqueness follows immediately from the injectivity of 
^m 1 lim 1 # 1 ^ ,Ti -»• Ui) -t H 2 (A, T —>• U). □ 

Definition 3.5.4. The canonical class £ S H 2 (T, P(F)) is the element ivhose exis¬ 
tence and uniqueness is asserted in Proposition 13. 5. 21 

Note that £ is independent of the choice of tower of isogenies /, : 7) —»• [/,. 
Indeed, if : T- 1 ' 2 ' 1 — > F^ 1 ’ 2 ^ are two choices of towers of isogenies we 

can define a third tower : Tj 3 ' 1 —> Uj 3 ^ by taking T^ = (T^ x T^)/ Pi, 
with Pi embedded via the anti-diagonal map p M- (p,p _1 ), and taking uf‘‘ > = 
u \ 1 x t/f and fj 2 ' 1 = f[ 1 ' 1 x f. 2 \ Let^ 1 ’ 2,3 ^ be the three versions of £ obtained 
from applying Proposition l3.5 2l with _ff 2 (A. T^ 1 ’ 2,3 ) —> F 13 ■ 2,: h). Since the exact 
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sequence 1 —> Pi —> df y> —>• U- 3 ' ) —> 1 maps to the two exact sequences 1 —► 
Pi —> T,f 1,2 ' > C/f 1,2 - ) —»• 1, we see that £W = £( 3 ) = £( 2 \ 


3.6 The cohomology set H 1 (Py ->• £y, Z —»• G) 

Let ^ stand for the canonical class in 1I 2 (V, Py) of Definition 13.5.41 In fact, for 
most of our purposes we can take £ to be any preimage in H 2 (T, / V,) of the 
canonical system (£,) e hm // 2 (L. P K g Y _). The reader may freely assume 
that £ is an arbitrary such lift until Subsection l3.9l 

Let 1 —>• Py{F ) —>• £y —> L —>• 1 be any extension in the isomorphism class 
given by £. Let G be an affine algebraic group and Z c G a finite central 
subgroup, both defined over F. The pro-finite group £ v acts continuously on 
the discrete group G(F) through its quotient T and the set // 1 (£y, G(F)) of 
cohomology classes of continuous 1-cocycles of £y valued in G(F) is defined. 
The restriction to Py(F) of such a 1-cocycle is a continuous group homomor¬ 
phism Py{F) —> G(F). We define H 1 (Py —> £y, Z —> G) to be the subset of 
H 1 (£y,G(F)) consisting of the classes of those 1-cocycles whose restriction to 
Py{F) takes image in Z(F). This restriction is then a I -equivariant continu¬ 
ous group homomorphism Py(F ) Z(F). By continuity it factors through 

the projection Py —>• P E g N for a suitable index i and is then given by a 
T-equivariant group homomorphism P E g. v (F) —y Z(F). The source and 
target of this homomorphism both being finite, this homomorphism is auto¬ 
matically algebraic. 

According to Proposition 13.4.61 the automorphisms of the extension £y are all 
inner automorphisms coming from Py. Each such inner automorphism in¬ 
duces the identity automorphism on H 1 (Py —» £ v , Z —>• G). It follows that 
this cohomology set does not depend on the choice of extension £y that real¬ 
izes the isomorphism class £. 

Let A be the category whose objects are pairs (Z, G) as above and where a 
morphism (Zi,G±) —> (Z 2 , Gf) is a morphism G\ —> 6' 2 of algebraic groups 
defined over F mapping Z\ to We will usually denote an object of A by 
[Z G]. It is then clear that [Z —» G\ >->■ H 1 (Py —» £y, Z —> G) is a functor 
A —> Sets. 

By construction we have the inflation-restriction exact sequence 

1 ->• H\T, G ) -s- H\Py ^£y,Z^G)^ Horn F (Py, Z) -»■ H 2 (T, G) (3.18) 

where the // 2 -term is to be ignored unless G is abelian. Just as in the local 
case treated in IIKall6l §3.3], the map HomffP^, Z) —> H 2 (T , G) is given as the 
composition of the map ©P defined in (13.101 1 with the natural map // 2 (I’. Z) 
H 2 ( r, G). In fact, the inflation-restriction sequence fits into the commutative 
diagram with exact rows 

H 1 ( r, G )-- H 1 (Py -> £y, Z ->• G) -- Hom F (Py, Z) ->■ H 2 (T, G ) 

H 1 ( r, G)-- H^T, G/Z) - H 2 (T, Z) -- H 2 (T, G) 

Lemma 3.6.1. If G is either abelian or connected and reductive, then the map 
H 1 (Py^£y,Z^G)^H 1 (T,G/Z) 


42 






















is surjective. 


Proof. If G is abelian this follows immediately from the above diagram and 
the five-lemma. Assume now that G is connected and reductive. Let h £ 
fJ 1 (r, G/Z). By Lemma |A. II there exists a maximal torus T C G such that h 
belongs to the image of H 1 (T,T/Z) — t H 1 (T,G/Z). The claim now follows 
from the functoriality of H 1 (Py —> £y, — ) and the already established surjec¬ 
tivity for [Z —» T]. □ 

Lemma 3.6.2. IfG is connected and reductive, then for each x £ 7L 1 (Py —» £y, Z —» 
G ) there exists a maximal torus T c G such that x is in the image of H 1 (Py —>■ 
£y,Z^T). 

Proof. Let T C G be a maximal torus such that the image of x in H 1 (T,G/Z) 
belongs to the image of H 1 (T,T/Z) — > H 1 (T,G/Z) by Lemma I A .1 1 Chasing 
around the commutative diagram with exact columns 


H\£y,Z) 


H\£ Vl Z) 


H\Py t £y ; Z y T ) -- H\Py £y,Z -> G ) 


iT^r, T/Z) -- H\ r, G/Z) 

shows that x belongs to the image of // ' (If, —t £y, Z —»• T). □ 

Let v £ V. We will construct a localization map 

loc v : H\Py -t £ V ,Z -> G) -t P 1 (u, ; -»• G) (3.19) 

that fits into the commutative diagram 

H\ r, G)-iJ^Py ~^£y,Z ->• G)-*- Hom F (Py, Z) 

H 1 (r„ , G)-*- H 1 (u„ -t W„, Z -t G)-Hom n (u„, Z) 

where the left vertical map is the usual localization map in Galois cohomology, 
and the right vertical map is given by the map locf defined in (13.11b . 

The construction of loc v involves the following diagram 

1-- u v (F v ) - W v -- T v -- 1 (3.20) 

l° c v : 

'[ _ y 

1 —- Py{F v ) —- n 2 —- r„ —-1 

i —*- Py(F) -- Di —- r„ —- i 

i -- Py(F) -- -- r -- i 
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Here Di is formed as the pull-back and D 2 is formed as the push-out. The dot¬ 
ted arrow is chosen so that the diagram commutes. Its existence is guaranteed 
by Corollary 13.3.81 While not completely unique, the dotted arrow is unique 
up to conjugation by elements of Py(F v ) due to Proposition 13.4.51 

Let ^ G Z 1 (P V — > £y, Z —> G). Let z\ be the composition of z with □ i — ► £y 
and with the inclusion G(F) — > G(F V ). Recall that z\ p v (f) specifies an element 
of Hom^’(Py, Z). Mapping this element to Horn p v (P v , Z) and combining it 
with z\ we obtain a map z 2 : Lb — t G(F V ). Composing z 2 with the dotted 
arrow we obtain finally Z 3 : W v — > G(F V ). From the construction it is clear that 
each of z\, z 2 , and z 3 is a continuous 1-cocycle. The 1-cocycle z 3 depends on 
the choice of dotted arrow, but only up to the inflation to W„ of an element of 
f? 1 (T, Z). In particular, the cohomology class of Z 3 is independent of the choice 
of dotted arrow. In this way we obtain the map 0.19b . We emphasize that the 
map (13.19b is well-defined not just on the level of cohomology, but already as a 
map 

Z 1 (Py £ V ,Z -> G) -t Z\u v -»■ W V ,Z -)• G)/B 1 (T V ,Z). 


3.7 Duality for tori 

Let T C H be the full subcategory consisting of those objects [Z —> G] for which 
G is a torus. For v € V, let 71 be the category of objects [Z —» T] with T a torus 
and Z C T a finite subgroup, both defined over F v . We identify L r = Stab (re F) 
with the absolute Galois group of F v . Base change from F to F v gives a functor 

r^r v . 

In |Kall6 . §3] we defined a functor 

77 1 (m« -t W v , —) : T v -t AbGrp, 

which we can now view as a functor T —t AbGrp by composing it with the 
base change functor T —> 71- In Subsection 13.61 we defined a functor 

H^(Py —> £y, —) : 7” —AbGrp 

as well as a morphism of functors 

loc v : H l (Py —> £y, —) —t H 1 (u v —> W v , —). 

The purpose of this subsection is to interpret these two functors and this mor¬ 
phism between them in terms of linear algebra. The linear algebraic version of 
F[ 1 (u v —> W v . Z —y T) was defined in HKall61 §4.1]. It was denoted by y + tor 
there, but in order to emphasize the place v we will now denote it by Y + . li tor . 
Let us recall its construction. Set Y = X* (T) and Y = X* (f) = X* (T jZ). Then 
Y +Vl , t0 r is the torsion subgroup of the quotient Y/I V Y , where I V Y C Y is the 
subgroup generated by the elements crA — A for all a e F, ; and A G Y. 

We will now describe the linear algebraic version of // 1 ( P v —> £ v , Z —>• T). We 
have the exact sequence 

0—tF —tA v —tO 

where A = X*(Z) and A v = Hom(A, Q/Z). This is a sequence of T E ./ F - 
modules for i » 0. The L Bi /jr-module Z[S l: p:,}o is Z-free and tensoring with 
it leads to the exact sequence 

0 —t Y[Si, E Jo ->■ Y[Si , Ei ]0 A v [Si^} 0 -»• 0. 
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Inside of 4 v [,SVkJu we have the Z-submodule .4 V [,5',]o consisting of those ele¬ 
ments that are supported on the subset S', of Si >Ei ■ We let Y[Si iEi , .S',]o denote 
the preimage of 4. v [,S)]o hr Y[Si tEi ]o. This is a Z-submodule that is not T E ./ F - 
stable. It contains Y [S^sjo and we obtain the exact sequence 

n . Y \Si,Ei]o K Y[Si, Ei ,Si \o v v • 


Choose an arbitrary section s : Si yEi —t Si + i jEi+l with the property s(Si) C 
,S',; + i. Define a map 

Si : Y[S itEi ,Si] 0 -> Y[S i+ i t E i+ i,Si+i]o, [s\J](u) = 

Note that this is the same definition as the one appearing before Lemma [3.1.71 
Lemma 3.7.1. The assignment f i->- s\f induces a well-defined homomorphism 

, . Y[Sj^ Eil 5i]p Y[Sj + i^ Ei+1 , 5j+i]o 

lEi/FY[Si jEi ] 0 I Ei+1 / F Y[S i+ i,E i+ i]o 

that is independent of the choice of section s. 

Proof. The argument is essentially the same as in the proof of Lemma 13.1.71 
Indeed, as argued there we see that s\(I Ei / F Y[S itEi ] 0 ) C I Ei+1 / E Y[S i+ i,s i+ i]o- 
Since/(w) £ Y form £ Si tEi we have (s\f)(u) £ Y forrt £ S) + i, Ei+1 1 . 
Thus we obtain a well-defined homomorphism as claimed. The argument that 
it does not depend on the choice of section is also the same as the one given 
in the proof of Lemma 13.1.71 One just has to note the following: Since we are 
only considering sections that map Si into S^+i, if s, s' are two such sections 
and s(w) ^ s'(w), then w £ Si }Ei \ S t . But for any / £ Y[Si, Ei ,Si ]o we then 
have f(w) £ Y C Y and the same argument as before implies s\f — s'f £ 
lE i+1 /FY[Si + i, Ei+1 }o- □ 


f{p{u)), sp{u) = u 

0, else 


We now define 


Y[V f , I>] 0 .+,tor 



Y[Si, Ei ,Si]o 

lEi/FY[Si zEi \0 


[tor] 


(3.21) 


where the transition maps are given by !. This is the linear algebraic version of 
H 1 (Py —» Ey. Z —>■ T). We also define 


^[^Flo.r.tor 


lim 


Y[Si, 


E, JO 


lEi/FY[Si tEi \0 


[tor] 


(3.22) 


with the same transition maps. This is the linear algebraic version of fL 1 (T, T). 
These two abelian groups then fit into the exact sequence 

O^T [Tp]o,r.tor -1 T \V-p, W|o,+,tor -1 d. v [I7] 0jOO) 

where the Z-submodule 7 l v [D] 0 oo c -4 V [V'jo was defined in Lemma 13.3.61 
The fact that the second map takes image in this submodule will follow from 
Lemma 13.7.61 b elow. 
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The linear algebraic version of the localization map loc v is a morphism of func¬ 
tors 

l v :Y[V T ,V] o,+ .tor —>• T+u.tor 

defined as follows. Fix an index i. Choose a representative t e 1 Ei / f for each 
coset r G Y Ei /F,v \ 1 ’ Ei / f with the condition that r = 1 for the trivial coset 

t = F Ei/ F , v - Then for / G Y[Si tEi , <5j]o we define P v f G Y by 

r v f = 

T 

Lemma 3.7.2. The assignment / h- T v f descends to a group homomorphism 

. nsi^Si] o jp_ 

0 ‘ lE t /FY[Si , E Jo IvY 

that is independent of the choices off and fits in the commutative diagram 


Y[Si,Ei,&]o l 'v . Y 

I Ei /FY[Si,E Jo IvY 

! 

y[s i+ i,E i+ 1 ,s <+ i ] 0 T +1 ^ y 

^E i + i/Fi'[Si + 1 ,E i+ i ] 0 IvY 


Proof. It is clear that P v : Y[Si tEi: ^i]o — t Y is a group homomorphism. To 
show that its composition with the projection Y —>■ Y/I V Y is independent of 
the choices of representatives t, fix a non-trivial coset n G T E ./ Fv \V E ./ F and 
replace its representative fi by afi with a G Y Ei / F ,v Then J2 T ff(T~ 1 v) is 
replaced by Y^ r t/(t _1 i;) + crfif(’rf 1 v) — f\f(rf 1 v). Since T\ is non-trivial and 
v G S{, we have rf 1 v f Si and consequently f(rf 1 v) G Y. This shows that l l v is 
independent of the choice of f\ . It furthermore shows that if / G I Ei/F Y[S it Ei \o, 
then P v f G I V Y. 

We come to the commutativity of the diagram. Recall that the map ! is defined 
in terms of a section s : Si iEi — > Si+i, Ei+1 having the property s(Si) C Si+ i, 
which in particular implies that it maps v Ei G S E to v Ei+1 G S i+ i. Via the 
bijections T Ei /F,v\F Ei / F —> {w G Si >Ei : w\v F } a ndr £ . +1 ^„\r Ej+ y f —* {u G 
Si+ i, Ei+1 ■ u\v F } the section s can be thought of as a section T Ei / F , v \ T Ei /F —■> 
r Ei+1 /F,v \ T Ei+1 /F■ We choose a representative f G T E / F for each coset 
T G P Ei+1 /F,v\^E i+1 /F- Then we have 

«+i)i = J2 f f(p( T ~ lvE *+^ = 

T ^ r E i+1 /F,v\i'E i+1 /F F£s(r Ei / Fv \r Ei / F ) T6r E . /Fi „\r E . /F 

where in the last term we have taken as a representative in T Ei /F of the coset 
r G T Ei /F,v \ r Ei/F the image in V E ./ F of the representative t G P Ei+1 /F of 
s(t). □ 

We have now completed the linear algebraic descriptions of the cohomology 
set H 1 (Py —» £y,Z — > T) and the localization map loc v . The main result of 
this subsection is the following. 
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Theorem 3.7.3. There exists a unique isomorphism 

L V ' ^ V]o,+ ,tor —>■ H 1 (Py —»• £y, Z —*■ T) 

of functors T —>• AbGrp that fits into the commutative diagram 


]o.r, tor 

> Y [Vpi v Jo, + .for 

- ^A V [F] 

TN 

L v 



H\T , T)-- -^£ V ,Z^T) -*- Hom F (Py,Z) 

where TN is obtained from the classical Tate-Nakayama isomorphism by taking the 
colimit and using Lemma \3.1.2\ and Corollaru \3.1.8\ and the right vertical arrow is the 
isomorphism ofLemma \3.3.6\ For each v g V the following diagram commutes, 

Y[V T , y]o, + ,tor ---- Y+ v ,tar 


H\Py -+£y,Z T) H l (u v ->• W V ,Z ^-T) 

where the right vertical isomorphism is from il Kall6\ §4]. 


As an immediate consequence of this theorem, we obtain the following de¬ 
scription of the collections of local cohomology classes that are the localization 
of a given global cohomology class. 

Corollary 3.7.4. We have the following commutative diagram with exact bottom row 
H\Py^£y,Z^T) { ^l © H\u v -+ W V ,Z T) 

v£V 

W Mv" 

Y\Vp, V]o,+,tor -—-- 0 Y +vM - 5 -- £[; tor} 

vev 


The reader might wonder if there is a cohomology group that fits above the 
bottom right term in the above diagram. There is indeed such a cohomology 
group and it is an enlargement of H 1 (T,T(A-p)/T(F)). However, since we 
will not need it for the applications we have in mind, we will not discuss its 
construction and properties. 

Corollary 3.7.5. Let [Z — > G] G A with G connected reductive and let x £ H 1 (Py — >■ 
£y, Z — >• G). Then loc v (x) is the trivial element ofH 1 (u v —> W v . Z — » G) for almost 
all v e V. 

Proof. This follows immediately from Lemma 13.6.21 Corollary 13.7.41 and the 
functoriality of localization. □ 

The remainder of this subsection is occupied by the proofs of Theorem 13.7.31 
and Corollary 13.7.41 We will use the notation Y[Si, Ei , Sf\o Ei/F for the intersec¬ 
tion of Y[S hEi , Si]o with Y[S liE ,}o Ei/F . 


47 


































Lemma 3.7.6. We have the equality 


Y[Si,Ej, Si\o Ei/F = Y[Si, Ei ,Si] o f , 

lEi/FY[Si,Ei\o IY[Si t Ei]o 


Proof. Choose an integer N that is a multiple of the exponent of Y/Y. Given 

any a; £ Y[Si tEi , Si]g Ei/F we have Nx £ Y[Si yEi ]o Ei/F ■ The Tate-Nakayama 
isomorphism gives the identification 


Y[S ilEi ]o Bi,F 

I Ei / F Y[Si,Ei)o 


H\T Ei / F ,T(0 Ei )). 


The group II 1 (L Ei /F, T(0 Ei )) is finite by Lemma 15. 1.91 and INSW081 Theorem 
8.3.20] and this implies the inclusion C of the equality we are proving. 


For the converse inclusion, let x £ ,S',]o be such that for some N £ 

Z >0 we have Nx £ I Ei / F [Si,. eJo- Then N Ei / F {Nx) = 0. Since Y[Si iEi , Sf o is 
torsion-free this implies N Ei / F {x) = 0 and the claimed equality is proved. □ 

Lemma 3.7.7. Every element of Y[Si, Ei , Si\o/I Ei /FY[S^ Ei \o has a representative 
supported on Si. 


Proof. The argument is the same as in the proof of part 3 of Lemma 13.3.21 In¬ 
deed, let y = J2weSi E vA™] £ Y[S ilEi ,Si] o- For any w £ S itEi \ Si we have 

y w £ Y. If y w ^ 0, then choose a £ T Ei / F with aw £ S', and choose vq £ Si 
with av o = vq . Then 

y 1 ■= V - (y w [w\ - y w [i} o]) + a(y w [w\ - y w [v o]) £ Y[S iiEi ,Si] o 

represents the same class as y modulo I Ei / F Y[Si^ Ei ] o, but now y' w = 0. Per¬ 
forming this procedure finitely many times yields y" that is supported on .S',. 

□ 


Proof of Corollan/ \3.7.4\ According to the second diagram in Theorem 13.7.31 the 
localization loc v {x) for a given x £ 7 / 1 ( If. —> £ v , Z -x 7') is trivial for all but 
finitely many v £ V and thus the image of the total localization map ( loc v ) v 
is indeed contained in the direct sum of the local cohomology groups. The 
commutativity of the above square is also immediate from Theorem l3.7.3l 

We now prove the exactness of the bottom row. The fact that the composition 
of the two arrows is zero follows from Lemma [3.7.71 because given an element 

y = y w \w] £ Y{Si’ Ei , Si]^ Ei/F that is supported on S,, the image of its class 
under (, l v ) v is represented by the collection (y v ) v . 

Conversely, let (y«) we> g. be a collection with y v g Y NE i/ F - v and with y v £ 

I E i/ F Y. We can write this element of I Ei / F Y as (ctiAi — Ai) H- 1 - (akXk — A k) 

for some A j £ Y and aj £ V E ./ F . For each j let Vj £ Si be such that ajVj = Vj 
and replace y Vj by y Vj + A, — a 3 X ? . The new collection (y v ) vG s represents 

the same element of ©,, e s. 1 i'y ' x as the old collection, but now y v = 0 , 
which makes it evident that (y v ) v is in the image of ( l v ) v . □ 
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The proof of Theorem 13.7.31 will proceed in multiple steps. For each index 
i, let 77 be the full subcategory of T consisting of those objects \Z —t T] for 
which T splits over Ei and exp(Z) G Ny We will define a cohomology func¬ 
tor H 1 (P E y — t S E . y , Z —> T) from 77 to the category of finite abelian groups 
and an isomorphism between this functor and the (restriction to 77) of the func¬ 


tor 


y[Si,.E i ,Si]o 

lE i /FY[Si,E i ]o 


[tor]. We will then construct an inflation functor H 1 (P J 


Ei,Si 


£ e . g.,Z —t T) —> H 1 (P Ei+l g . +1 —t £ e . +i y +i ,Z —t T) and show that it is 
compatible with the map !. We will argue that the direct limit of H 1 (P E y — > 
£ E g.,Z —> T) is equal to // 1 ( P v —> £y, Z —> T). This will establish the exis¬ 
tence of the isomorphism i,>. We will then prove its uniqueness and its com¬ 
patibility with localization. 


We now begin with the execution of this plan. In order to lighten the notation, 
we will for a while forget about the fixed tower Ei of Galois extensions and 
work with an arbitrary finite Galois extension E/F and a pair (S'. Se) satisfying 
Conditions 13.3.11 Let Te,s be the full subcategory consisting of those objects 
[Z —> T\ for which T splits over E and exp(Z) G Ng. We define a functor 

Te,s —> FinAbGrp, [Z —> T] H 1 {P E Eb — > £ E g E ,Z —> T) 

as follows. We take any extension 


1 p e,s e (°s) £ E,Se r S ^ 1 

corresponding to the distinguished class t; E y G II 2 (T s, P E y (Os)) discussed 
in Subsection 13.31 The group £ E y is profinite and acts on T{Os) via its map 
to F s . Thus we have the group // ' (£ E g T(Os)) of cohomology classes of 
continuous 1-cocycles of £ E y valued in the discrete group T(Os )• We de¬ 
fine H l {P E g E ->• £ B y,Z ->■ T) to be the subgroup of H 1 {£ E Ee ,T(O s )) 
comprised of those classes whose restriction to P E y (Os), which is a well- 
defined Ts-equivariant continuous homomorphism P E g E (Os) —> T(Os), fac¬ 
tors through the inclusion Z(Os ) —t T(Os) and is an algebraic homomor¬ 
phism. A bit more precisely, we can describe such a cohomology class as a 
pair (v,h) consisting of h G H 1 (£ E y,T(Og)) and v G Horn (X*(Z), M E g E ) r 
such that the homomorphism h\p E s : P E y (Os ) —> T(Os) is determined 
by the composition of v with the projection X*(T) —> X* (Z). The datum v is 
however determined by h and thus need not be kept track of. 


We have the inflation-restriction sequence 

l^H l {T s ,nOs))^H l {P E 

,S E £e,Se’ Z — t T) —t Honr^Pg y, Z) r —t 

^ H 2 (T s ,T(O s )) 

(3.23) 

in which the last map is the composition of 0^ s y with the natural map 

H 2 (Ts, Z(Os)) —> H 2 (Ts,T(Os))- The argument for this is the same as for 
!Kall6l . Lemma 3.3]. 


At the moment we do not know that the cohomology group H 1 (P E y —» 
£ E g E , Z —>• T) is independent of the choice of extension £ E y. This is not 
a-priori clear, because the analog of Proposition 13.4.51 fails here. We will show 
that nonetheless the cohomology group is independent of the particular exten¬ 
sion, but this will be a consequence of the Tate-Nakayama-type isomorphism 
and certain group-theoretic properties of H 1 (P E y —t £ E y , Z —t T) that are 
implied by it. 
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In order to construct the Tate-Nakayama-type isomorphism we first fix a spe¬ 
cific realization of the extension of Ts by P E Ee corresponding to the class 
£es e - Let a 3 (l?, S) G Z 2 (T e /Fi Hom(Z[S'_B]o, O e s )) represent the Tate-class 
discussed in Subsection 13.11 As in Subsection 13.21 we fix a co-final sequence 
Ni G Ns and a system of maps k t : Maps (SE,Og)/Og —t Maps(S'_e, O e )/O e 
satisfying ki(x) Ni = x and ki + i(x) Ni+1 / Ni = ki(x). Under the map ^E,s,N t '■ 
End(M E g E N .) T -t Z- 1 (T E / F ,Maps(S E ,M'^ ^ w .) 0 ) of Lemma 13.3.21 the en¬ 
domorphism id maps to the (—1)-cocycle a* that sends w G S E and / G 
m e,s e ,n , to /(!> w ) e 

The class £, Ei s e ,n,„ e ^ 2 ( r s- p E ,s E ,N t (°s)) was defined as ©^ ^(id) and is 
thus represented by the 2-cocycle 

£ E,£>E,Ni = dkiCX 3 (E, S) U e/F a i- 

As in Subsection l3.2l we are using here the unbalanced cup product of MKall6l 
§4.3] and the pairing <13.3ft provided by <& E ,s,Ni of Fact 13.2.31 This Fact also 
implies that the projection map P E Eb n —> P E g EtNi maps the 2-cocycle 

i E ,s E ,N i+1 to the 2-cocycle ^SeW Let 4,s E e z 2 ( T s, P e ,s e (°s)) be the 

2-cocycle determined by the inverse system (£ E Ee n ) and let 

£e,Se = - P E.S e (°S') r S- 

This is our explicit realization of the extension £ E Ee . Pushing out this exten¬ 
sion along the projection P E Ee —>• P E n produces the explicit extension 
£ E Ee N . = P E g E N . (Os) ^ ^ Ts, so that conversely the explicit extension 
£ E Ee is the inverse limit of the explicit extensions £ E g E N .. We then define 
H 1 (Pe s e ^e s E ' Z L) as described above and see that it is equal to the 
direct limit of H 1 (P E g E N . -> £ E ^ E , Ni , z -t T). 

We will now formulate the Tate-Nakayama-type isomorphism for these coho¬ 
mology groups. Fix [Z —>• T] G T e ,s and let T = T/Z. Write Y = X*(T) and 
Y = X t (T). Then we have the exact sequence 

0-tF-tF-tA v -s>0, 

which upon applying ®j,Z[S E ]o becomes 

0 —t U[iSe]o ~t U[Se]o -"t A v [5 b]o -1 0. 

We have U [Se]o = Maps(5E, F)o and we have the pairing 

Maps(5 , E , Og)/Og ® Maps(S , E ,Y) 0 -> T(Os) 


defined by 

I] fM 9(w) ■ (3.24) 

wGSe 

For i » 0 we have exp(Z)|lVj. If / G Maps(S , B, bivJ/biVi and g G Y[<Se]o/ 
then Ni ■ g G Y[Se]o and the image of / <g> N,g under 13.241 belongs to Z(Os) 
and equals the image of / <S> [</] under 13.3b . where [g\ G A J [Se]o is the image of 
9- 

We have the subgroup A v [Se]o C A v [5 , e]o- It is not V E / F -equivariant, but we 
will make use of the slightly abusive notation A v [5’e]^ e/f = A w [S e ]q E/f fl 
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A 1 [ST]o to save space. This abelian group is in bijection with Hom(P E Ee , Z) r 
via the map T Et g of Lemma 13.3.21 Let Y[S E , .SV;]o be the preimage in Y[S F \c of 
A V [S E ] 0 . We set Y[S E , S E ]^ e/f = Y[S e ]o E/f n Y[S e , S e ]o- 

Proposition 3.7.8. 1. Given A. e Y[S E , S e ]q E/f and i » 0 so that exp(Z)\Ni, 

the assignment 

z A,i '■ “>■ T (°s), xMa i-4 T/ E ^ StNi {[A]){x)-{kia 3 {E,S)U E/F N z A) 


belongs to Z 1 (P E g E N , > S E g E N ,, Z -4 T). Here ive have used the unbal¬ 
anced cup product with respect to the pairing (13.241 1. 

2. The composition of z E}i with the projection S E g E N . i -4 S E g E N . is equal to 

Thus we obtain a well-defined z E G Z 1 (P E Ee -4 S E ^ Z -4 T). 

3. The assignment A >-4 z E establishes an isomorphism 


l e,s e 


Y[S £ 


o 1 n e/f 
, OE Jo 


I E /fY[S e ] o 


H\P J 


E,S E 


-4 5 




T) 


that isfunctorial in [Z 4 T] £ 7e,s and fits into the diagram 


1 1 

y [5 b ] 0 ) ———- h\t s , t(o s )) 


y[SE.gE]" E/F 

Ie/f^'ISeIo 


H 1 (Pj 


E,Se 


'E,S e ' 


Z -4 T) 


A v [S b ]^/e-- ~Hom(P E g E ,Z) T 

H°(T e/f ,Y[S e ] 0 ) -- IlHTg.TiOs)) 


Proof. For the first point it is enough to show that z E i € Z 1 (£ E g E n , T(Os)), 
because the defining formula makes it obvious that the restriction of z E i to 
P E g E N . takes values in Z(Og). A direct computation shows that the differen¬ 
tial is given by 

dz^i{xMa,yMr) = T>f^ SNi {[A]){f E g BNi {a 1 T))- 1 -d{k i aj,{E,S)U E/F N i A){a,T). 

By lKall6l Fact 4.3] we have d{kia$(E, S) U E / F A, A) = dk^jE, S) U E / F N,A. 
This 2-cocycle takes values in Z(Os ) and is equal to ^.([A])^ g E n _). 

The second point follows from the compatibility of the maps IF E.s.Ni with the 
projections in the system P E g E N , which is part 2 of Lemma [3.3.21 as well as 
from the fact that ki + i{x) Ni+1 ^ Ni = kfx). 

We now come to the third point. It is clear from the definition that A 1-4 z E is 
a functorial homomorphism Y [5 b, S e ]q E,f -4 H 1 (P E g E -4 t E g E ,Z -4 T). 
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If A G y[S , B ]^ E/p ,_then [A] = 0 and kia 3 {E,S) ® iV,A = a 3 (E,S) ® A. Thus 
z A,i = a s(E, -S') U A. This implies that A 2 ^ kills / s / F y[5£;]o and moreover 
that the top square in the above diagram commutes. The commutativity of the 
second square is immediate from the formula defining z A t . The commutativity 
of the third square follows from the commutativity of Diagram d3.4ll . The five- 
lemma now implies that i E g B is an isomorphism. □ 

Now let £ e g E again be any extension corresponding to the class f E g E . We 
want to argue that the group H 1 (P E Ee —> £ E § , Z —>• T) is independent of the 
choice of 0 . There is an isomorphism of extensions £ P <? -A £,.- . This 

iz/,Oe r 

isomorphism is not unique - the set of P E Aj _ (Os)-conjugacy classes of such 
isomorphisms is a torsor under the finite abelian group H 1 (Ts,P E $ E ( Os ))■ 
Choosing any such isomorphism of extensions we obtain an isomorphism of 
cohomology groups 

H 1 (P e ,s e 4,5 E . Z ^ T) -t H 1 (P E: s e -+ £ e ^ e , Z -»■ T) 

that is functorial in [Z —> T] E Te,s and is moreover compatible with the in¬ 
clusion of H 1 (T S , T(Os)) into both groups as well as with the maps from both 
groups to Hom(P E g , Z) r . We will argue that there is at most one isomor¬ 
phism with these properties. For this, the following consequence of Proposi¬ 
tion [3W8] will be crucial. 

Lemma 3.7.9. The group lim H 1 (P e g E —t £ E s E ,Z T), where Z runs over all 

finite subgroups ofT defined over F and satisfying exp (Z) £ Ns, is N s-divisible. 


Proof. Choosing any isomorphism of extensions £ E g E £ R and applying 
Proposition l3.7.8l we see that the claim is equivalent to the Ns-divisibility of 


u 

~~z Ie/fY[Se\o 


The colimit can be taken with respect to any co-final sequence Z t of finite 
subgroups of T with exp(Z,) g Ns- Such a sequence is obtained by setting 
Xi = NiX. Then Y = HomzfAT. Z) = -f-Y. The above direct limit is thus 

(S^Y)[Se,Se}q E/f 
Ie/fY[Se \0 


where Sq 1 Y = Y ®zZ[£q : ] is the localization of Y as» 
13.7.71 the map 


According to Lemma 


N 


(S^Y)[S E ]o 


n E /f (4 T )[Se, Se\q 


E/F 


Ie/fY[Se \0 


is surjective. Since S^Y is Ns-divisible and torsion-free, (S'q 1 F)[S'b] 4 /F is 
also Ns-divisible and the proof is complete. □ 


Lemma 3.7.10. Fix a set of places S of Q, finite or infinite. For i = 1,2 let A\ be 
a functor assigning to each toms T defined over F and split over E an abelian group 
A \(T). Let A 3 be a functor assigning to each finite multiplicative group Z defined 
over F and split over E, with exp (Z) £ Ns, an abelian group A\{Z). Let A l 2 be a 
functor assigning to each [Z — > T] £ Te,s an abelian group A\{Z —► T ). Assume 
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that for Z c Z' the map A \{fZ -4 T) -4 -4 T) is injective. Assume further 

that we have a functorial in [Z —> T] exact sequence 

0 -4- Aj(T) -4 Aj(Z -4 T) -4 A|(Z). 

Finally, assume that for each T the abelian group Aj (T) admits a homomorphism 
to a direct sum of finite abelian groups with finite kernel, that lirn A \[fZ -4 T) is 
Ns-divisible, and that A\(Z) is N s-torsion. 

If A\(T) —>• A \{T) and Ag (Z) -4 A \(fZj are fixed functorial homomorphisms, there 
exists at most one functorial homomorphism A \{Z —> T) —> A%(Z —> T) fitting into 
the commutative diagram 

0 — A \(T) — A \{Z -4 Tj —>■ A l(Z) 


0 A \{T) — A \{Z -4 T) —A§ (Z) 


Proof. Let i : A^Z -4 T) -4 A|([Z -4 T]) for j = 1.2 be two functorial 
homomorphisms fitting into the above commutative diagram. Fix a torus T 
defined over F and split over E and let Z^ be an exhaustive sequence of finite 
subgroups of T defined over F and split over E with exp(2T) € Ns. For i = 1.2 
we write A|(T) = lim fc A^Zfc -4 T) and Ag(T) = liipi , A\(Zk). We obtain from 

f[z-yT] t ^ ie homomorphisms : A\{T) -4 A \{T). Due to the injectivity of 
A \(Z —> T) —> A\{T), it is enough to prove f!p l> = f E \ 


By assumption A \{T) is Ns-divisible and A\(T) is Ns-torsion. The exactness 
of lim gives us the commutative diagram with exact rows 


1 —* Aj(T) — A \{T) — Ai(T) 



0 — A \{T) — A|(T) —^ A§(T) 


Let Q c Ag(T) be the image of A\(T). Then Q is both Ns-divisible and Ns- 
torsion. The difference St = fx' 1 ~~ fr' 1 G Hom^A^T), A \{T)) is a homomor¬ 
phism St ■ Q —> A\(T). By assumption we have the exact sequence 

0 -4 F 0 -4 A\(T) -4 0 Fi 

leL 

for some finite abelian groups F 0 and f/. / € L. The projection of St(Q) C 
Af (T) to any factor F\ is a finite Ns-divisible and Ns-torsion group, hence triv¬ 
ial. Thus St(Q) is a subgroup of F 0 , but then it must be trivial by the same 
argument. □ 


As a first application of this general statement, we obtain. 

Corollary 3.7.11. The group iT 1 (P E Ee —> S E $ e , Z -4 T) is independent of the 
choice of extension S E g E up to a unique isomorphism. It comes equipped with a 
canonical functorial isomorphism i E Ee to the group 

Y[Se,Se}o E/f 
Ie/fY[Se) o 

that fits into the commutative diagram of Proposition ^.7 .81 
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Proof. First we apply Lemma 13. 7.1 01 with Aj = H l (P E g E —> t E g E ) and A| = 
H\P e g E —> £ e g E ). We know that any isomorphism of extensions £ E Ee —> 
£ e g E provides an isomorphism Al; —> Aij as in the statement of this lemma. 
The assumptions of the Lemma are verified by Lemma T3. 7.9 1 and the finiteness 
of H [ (Is, T(Os))- The lemma then guarantees that the isomorphism is unique, 
i.e. independent of the choice of isomorphism of extensions £ E g E —> £ E g E . 

Next recall that in order to construct the explicit extension £ E § E and the iso¬ 
morphism l E Ee of Proposition 13.7.81 we had to choose the cocycle 0:3 (E, S) 
representing the Tate-class as well as the sequences N t and ki. Say that we now 
made different choices for these and obtained an explicit extension £ E g E and 
isomorphism l e g E . In order to complete the proof we must show that the com¬ 
position o l F g E coincides with the canonical isomorphism H 1 (P E g E —> 

£ E jj — > H\P e —> £ E established in the above paragraph. This how¬ 
ever is another application of Lemma l3.7.1 01 □ 

We will now study how the group H 1 (P E g E —t £ E g , Z —> T) changes when 
we enlarge E and S. Let K/F be a finite Galois extension containing E. Let 
(S',S' K ) be a pair satisfying Conditions 13.3.11 with respect to K/F. Assume 
further that S C S' and Se C (S' k )e- Consider any extension £ K corre¬ 
sponding to the class £, k ,s' k e // 2 (L,S', P K s> {Os 1 )) as well as any extension 
£ e g E corresponding to the class g . Given \Z —>■ T] £ Te,s we construct an 
inflation map 

Inf : H 1 ( Pe,s e ^e,s e ^ H 1 (P k,s' k ^k,s' k -+T) (3.25) 

as follows. 

Take Di to be the pull-back of £ E g E along the projection Tg/ —> Tg, then take 
□2 to be the push-out of Di along the inclusion P E g E (Os) —t P E g E (Os '), and 
finally choose a homomorphism of extensions £ K g, —> O 2 . The latter exists 
by Lemma r3.3.5l This results in the commutative diagram 

1-- P K>S ' K (Os') -- £ K g, K -- T s -- 1 (3.26) 

1 -^ P E,Se(°S') - D 2 -T S' -1 

1 ->- p e,s e ( 0s ) -► °1 - £ S' - 1 

I ^ Pe,S b £E,Se I 

where the dotted arrow is the one we chose. Given z £ Z 1 (P E g E —> £ E g E , Z —\ 
T), let (j> £ Hom(P E ^ , Z) r be its image. We compose z with the map □ ( —y 
£ e s e an d with the inclusion T(Os) —> T(Os>) to obtain a 1 -cocycle z\ : Di —t 
T(Os'). It's restriction to P E Ee (Os) is still given by 0. Now 6 determines a 
homomorphism P E g (Os>) —> Z(Os') —t T(Os’), which glues with zi to a 
1 -cocycle zi : O 2 —> T(Os ')• We then compose Z 2 with the homomorphism 
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£ K g, —> 0 2 to obtain zk G Z 1 (P k g, —> £ K g,^,Z —>• T). The assignment 
z >-> zk provides a functorial in [Z —> T] G Te,s homomorphism 

Zl ( P E,S B £ E,Se' Z ~^ T ) ^ Zl ( P K,S' K £ K,S' k ’ Z T ) 

which respects coboundaries. The corresponding homomorphism on the level 
of cohomology gives 113.2511 . We also have the homomorphism 

[: y[s e ,s e C /f Y[S' k ,S’ k ]Z*' f 

Ie/fY[Se] o Ik/fY[S ' k \o 

discussed in Lemma [3.7.11 

Proposition 3.7.12. The inflation map (13.251) is independent of the choice of dotted 
arrow in Diagram ( 13.261) . It is injective, functorial in [Z —> T] e Te,s> and fits into 
the following commutative diagrams 


H\P } 


E,Se 


^E,Se’ Z 


T) 


Inf 


H l (P 


K,S' 


-*£ 


K,S ' > 


Z ->T) 


“E,Se 


y [Se,Se] 0 


E/F 


K/F 


i e / Fy [S e]o 


Ik/fY[S' k ]o 


and 


1 1 

Inf 

H^Ts^jOs)) - - -- H 1 (r S f,T(0 S ')) 

Inf 

H ' ( P E,S e S E,Se’ Z ~ Hl ( P K,S' K £k,S' k ’ Z ~+ T ) 

Hom(P E j E , Z) T Hom(P K ^, Z) r 


Proof. The commutativity of the second of the two diagrams is obvious from 
the construction of the inflation map. That this map is injective follows from 
the five-lemma. Lemma [3.1.1 01 and the surjectivity of P K g, —> P E g E . 

We will now apply Lemma 13.7.101 to show that (13.25b does not depend on the 
choice of dotted arrow in Diagram d3.26ll . and also that the first diagram in the 
statement of the proposition commutes. For this we take to be H 1 (P E g E —> 
£ e s e ) and take to be the restriction to Te,s of H 1 (P K —> £ K §/). We 
take as f\ the map (13.25b constructed using one choice of dotted arrow, as f 2 
the map (13.25b constructed using another choice of dotted arrow, and as / 3 the 
composition l k,s' k °! ol ~e s ' ^ en Lemma 13. 7.1 01 implies that fi = f 2 = / 3 . □ 

We now recall the exhaustive tower Et of finite Galois extensions of F and 
the exhaustive tower Si of finite full subsets of Vy. Each Si was paired with 
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Si C Si t Ei such that (S t , Si) satisfies Conditions 13. 3.11 with respect to Ei/F and 
moreover Si C S,;+i Ei ■ We will now show that 

H\Py ^£y,Z^T) = l^H l (P E .s E -> £ E g E ,Z -> T), (3.27) 

i 

the colimit being taken with respect to 0.2511 . In order to do this, we first define 
inflation maps 

Inf : H l {P EiA S EiA ,Z H x {Py £y,Z —>• T) (3.28) 

functorial in TEi,Si i n a manner analogous to the definition of 0.251 . Namely, 
we consider the diagram 

1- -Py(F) - >£y --r--1 (3.29) 

1 -- P Ei A (F) -- i-- r--1 

1 —- P^Osi) -- ni-- r-- 1 

1 (@Si ) ^Ei,Si ^ 1 

analogous to ( 13.26b and use the same procedure to produce the inflation map 

rat . 

Proposition 3.7.13. The maps Q.28t splice together to an isomorphism 

Inn HfP^ £ EiA ,Z ^T)^H\Py^£y,Z^ T ) 

i 

of functors T —t AbGrp that is independent of any choices. 


Proof. Step 1: We argue that (13.28b is injective and independent of the choice of 
dotted arrow in Diagram 0.291 . For injectivity, note if the class of z maps to 
zero, then already z\p v = 0 due to the surjectivity of 1 } V —> P E §.. In other 
words 2 is inflated from Z 1 (Tg i ,T(Og i )) and the image in Z' (P v —» £ v . Z —> 
T) under the inflation map just defined is inflated from Z [ (T. T(F)). But the 
inflation map H 1 (J's i ,T(Os i )) —t // 1 (L. T(P)) is injective according to Lemma 
0.1.101 The independence of 0.281 from the choice of dotted arrow follows from 
Lemma 13. 7.1 01 applied to A 2 = H 1 (P E g E —> £ E g E ) and A| = H 1 (Py -> £y). 

Step 2: For j > i the diagram 




H\Py^£y,Z -+T) 


F 1 (PE j ,S j ^EpSj’Z -t T) 
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commutes. Here the vertical arrow is the inflation map Q.25II . while the diago¬ 
nal arrows are 0.2811 . This follows immediately from Lemma [3. 7. 101 

Step 3: Combining Steps 1,2 we obtain the homomorphism stated in the propo¬ 
sition and we already know that it is functorial, injective, and independent of 
choices. We will now argue that it is surjective. 

For this, consider the following diagram for an arbitrary index i 

l-^H^Ts^nOsJ) -+H\P Ei A S EiA ,Z -+T) ^Hom(P BiA ,Z) r H*(T Si ,T(0 Si )) 

1 ->. H\r,T(F)) -- H\P V T) -- Hom(Py, Z) r -- H 2 (T,T(F)) 

Taking the direct limit over all i preserves the exactness of the top row, the first 
and fourth vertical maps stay injective by Lemma l3.1 .1 Gl and become surjective, 
and so also does the third vertical map. The five-lemma implies that the second 
vertical map is an isomorphism. □ 

The proof of Theorem l3.7.3l is almost complete. We have established the exis¬ 
tence of the functorial isomorphism iy and the commutativity of the first dia¬ 
gram. The uniqueness of iy follows immediately from Lemma 13.7.101 applied 
to A\ = y[Vp, F]o + tor and A 2 = H 1 (Py —> £y). In this case the set S in the 
Lemma is the set of all places of Q. The commutativity of the second diagram 
in the statement of the Theorem is another immediate application of Lemma 
13.7.101 This time we take A 2 = H 1 (Py — £y) and A \ = F[ l (u v —> W v ) and 
compare the two functorial homomorphisms loc„ and i. v o l v o j.7 . The theorem 
is now proved. 


3.8 Duality for connected reductive groups 

In this subsection we are going to extend the duality results of the previous 
subsection to the case of connected reductive groups. Let 1Z C A be the full 
subcategory consisting of those [Z — > G] for which G is connected and reduc¬ 
tive. In llKall6[ §3.4] we defined in the setting of a local field F a quotient 
H^ h (u -X W, Z —> G) of the set iL 1 (u -X W, Z -x G). The same definition works 
in the context of a global field F. Namely, on the set FI 1 ( Py -x £y.Z -x G) we 
impose the following equivalence relation. Let z±, Z 2 £ Z 1 (Py — > £ v , Z —t G). 
Let G 1 be the twist of G by the image of z\ in Z [ (L. G a d). Tautologically we 
have Z 2 ■ z^ 1 £ Z 1 (Py — y £y, Z — > G 1 ) and we declare the classes of z\ 
and Z 2 equivalent if Z 2 ■ z^ 1 belongs to the image of Z l {Y,G\ c ). We denote 
by // t ] b (Py -7 £y. Z -x G) the set of equivalence classes under this equivalence 
relation. In this way we obtain a functor 

U -x Sets, [Z G] Hl h (P v -x£y,Z -x G) 

and a functorial surjective map H 1 (Py —> £ v ) -x FIl b (Py —> £y). The localiza¬ 
tion map (13.19b descends to a map loc v : H^ h (Py —> £y) —>• FLl h (u v —> W v ). 

Next we extend the functor Y[Vp, H]o,+,tor from T to 1Z by following the con¬ 
structions of UKall61 §4.1]. Let Ti,T 2 C G be two maximal tori defined over 
F. Write Y, = X t (T,/Z) and Q( = X t (73 sc ). According to UKall61 Lemma 4.2] 
any g £ G(F) with Ad(g)T\ = T 2 provides the same (and hence T-equivariant) 
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isomorphism Ad(gr) : Y\/Q\ —>• Y 2 /Q 2 • Let E/F be a finite Galois extension 
splitting T\ and T 2 and ( Se,Se ) a pair satisfying Conditions 13.3.11 Writing 
Yi/ Q\ [5s, <5 e]^ e/f for the subgroup of Yf / Q\ [5 e]q E/f consisting of functions 
whose value at w € Se \ S E lies in Y\/Q\ we obtain from Ad(y) an isomor¬ 
phism 

Yi /QX[S E Mo B,F . Y 2 /QV[S e ,S e ]q B,P ™ 

Ie,f{Yi/QX[S e \ 0 ) Ls/s(Y 2 /Q 2 v [5s]o) ' ' 

We let the value of the functor Y[V-p, Y]o,+,tor at [Z —» G] be given by the colimit 
of 

Y/QV[ Si , Ei ,SiC>' F 

I Ei/F (Y/QV[S itEi } 0 ) ’ 

where i runs over the set of natural numbers, with the transition map + 1 
given by the map ! of Lemma 13.7.11 and where T C G runs over all maximal 
tori of G, with the transition maps between two maximal tori given by the 
isomorphism (13.30b . 


The map l v : Y[V-p, Y]o,+,tor —> W„ t0 r extends to a map of functors 1Z —>• Sets 
by the same formula. 


There is a related but simpler functor, which we shall call Y + t0 r- Its definition 
mimics that of the local functor V’ + „.tor- Its value at \Z —>• G ] is defined as the 
colimit of 


Y/Q' 


-[tor] 


/(Y/Q v ) 1 

over all maximal tori T C G, where the transition maps are again induced by 
Ad(ff). 


Theorem 3.8.1. The isomorphism iy ofTheorem \3.7.3\ extends to an isomorphism 


iy : Y[V-p, V}o,+ M -»• H^(Py -> 5y) 


of functors 1Z —> Sets. We have the commutative diagram of sets with exact bottom 
row 


H ab( P V “nb z G) 


(loc v ) v 


II (u v — > Y — » G) 


L v 



0. + ,f or(Z —> G) 

© I +„,fo 

r(Y ->■ G) -— 


■ Y +i f 0r (Y —> G) 




We have used ]J to denote the subset of the direct product of pointed sets 
consisting of those elements almost all of whose coordinates are trivial. The 
bottom row is in fact an exact sequence of abelian groups. 

Corollary 3.8.2. The image of 

H\Py -> £y,Z -»■ G) ]J H\u v ~^W v ,Z^ G ) 

vev 

consists precisely of those elements which map trivially under 

J H^^Uy —> W v , Z ¥ G) y H^ b (u v W v , Z ^ G) 

v£V vGV 

-© Yj rvt tor{Z — > G) —¥ Y+jor{Z —> G ) 
vGV 
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Proof. It is clear that the image of the first map is contained in the kernel of 
the second. Conversely, let (x„) £ II t , e y // ' (u v —t W V ,Z —> G) belong to the 
kernel of the second map. Denote by (x v ) £ /if (u v —> W v . Z —t G) its 

image. By Theorem 13.8.11 there exists x £ // a ' b (Py —t £y,Z —> G ) mapping 
to (x v ) v . Let x 1 £ H 1 (Py —> £y, Z —» G) be an arbitrary lift of x and let 
(x„) v £ IX^gy H 1 (u v —> W V ,Z —> G) be its image. Then for each v £ V, 
S v := x v ■ (x\.) ~ 1 lifts to an element of // ' (T, ; . Gif), where G 1 is the twist of G 
by x 1 . By work of Kneser, Harder, and Chernousov, 1PR94 ;. §6.1, Thm 6.6] the 
localization map 

H\T,Gl c ) ^ H H\T v ,Gl c ) 

v£V 

is bijective, so there exists (a unique) S £ // ' (1 \ G f) whose localization is equal 
to (S v ) v . Then x := S ■ x 1 £ //' (Py —t £y, Z —> G) has the desired localizations. 

□ 


Proof of Theorem \3.8.1\ Let TcGbea maximal torus. Consider the map 
Y[V-p, H]o,+,tor(-^ H 1 (Py —> £y, Z T) -> Hl b (Py —> £y, Z —> G ). 

We claim that the fibers of this map are torsors for the image of 

Y[Vp] o,r,tor(T sc ) -»■ YlV^Vjo^UZ -> T). 

By the usual twisting argument it is enough to consider the fiber over the trivial 
element. Let a; £ II 1 (Py — > £y, Z — t T) map to the trivial element in //.] b (Py —>• 
£y i Z ^ G ). Then the image of x in H 1 (Py —»• £y, Z —> G) is equal to the image 
of a class from H 1 (r, G sc ). In particular, the restriction of x to Py is trivial, thus 
x is inflated from // 1 (L. T). The crossed modules T sc — > T and G sc —> G are 
quasi-isomorphic, which implies that x lifts to a class x sc £ // ' (L. T sc ). This 
proves the claim. 

The claim implies that we have an injective map 

cok(y[Lyo,r,tor(Tsc) —> Y [Vp, V]o,+,tor (Z —t T)) —>• H^ b (Py —*■ £y,Z —> G). 

To understand the source of this map we consider the exact sequence 

Q^ISe}" Y[Se, Se}q Y/Q w [Se, Se}q ( . 

IQ W (S E ] o IY[S e ] o I(Y/QV(S E ] 0 ) N(Q^[S e } 0 )' 1 ' ’ 

Here the subscript N signifies the kernel of the norm map N e /fi I stands for 
the augmentation ideal in Z[r e/f\/ and the last map is given by taking a rep¬ 
resentative x £ yfSEjSyo and mapping it to N(x) £ Q v [S'_e]o- Taking the 
colimit as E traverses the sequence E ir the first term becomes H[l^]o.r,tor(?sc), 
the second term becomes Y\V-p, V]o,+,tor(Z —>• T ), and the third term becomes 
a subset of Y[V-p, V]o,+,tor (Z —t G). Thus the above cokernel is equal to the im¬ 
age of Y[V-p, V r ]o,+,tor (Z — > T) in Y[Vp, V\o,+,\ 0 i(Z —t G) and we have obtained 
an injective map 

im(y [V T , H]o.+,tor (Z —t T) —t Y[Vp, H]o,+.tor (Z -»■ G)) (3.32) 


TLJb(T*y £y,Z -t G) 


We will now show the following: 
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1. Every two elements of YfYyr, V"]o,+,tor (Z —»• G) belong to the image of 
Y[Vp, l/]o,+,tor {z -t T) for some T C G. 

2. If x, £ Y[Vp, V]o,+,tor (Z —> Ti) for * = 1,2 map to the same element in 

Y[Vp, V]o,+,tor(Z -£ G), then iy(xj) £ H x (Py -¥ £y,Z T t ) map to the 
same element in /L] b (Py —► Z G) 

These two points imply that the maps d3.32l l splice together to an injective map 

l v ’ Y[V-p, V’]o,+,tor(^ —t G) —> Hl h (Py —> £y , Z G) 

which is also surjective according to Lemma 13.6.21 By construction, this map 
is functorial for maps of the form [Z — > T] —>• [Z —>• G], where T C G is any 
maximal torus. Its general functoriality follows from the functoriality of ty on 
the category T. The commutativity of the square in the diagram follows from 
the functoriality of iy and Corollary 13.7.41 The exactness of the bottom row 
is proved by the same argument as the exactness of the bottom row in that 
corollary. The proof of the theorem will be complete once the above two points 
are shown. 

To show the first point, let x\, x-i £ Y\V~p- Y]o,+,tor (Z —t G). This set is defined 
as a double colimit, but in one direction the transition maps are isomorphisms, 
while in the other direction the system is indexed by natural numbers. Thus 
there exists an object in this system which gives rise to both xi and x -2 . This 
object is of the form 

I Ei/F {Y/Q''[S i ,E i ] o) ’ 

for some i and some maximal torus T C G split by Ei/F. Let T' be a max¬ 
imal torus of G that is fundamental IKot86 : . §10] at each place v £ Si as well 
as at at least one non-archimedean place, in case Si only contains archimedean 
places. Such a torus exists by I PR941 §7.1,Cor. 3]. Let j > % be such that Ej/F 
splits T'. We map x\ and x -2 into the above displayed quotient, but with i re¬ 
placed by j and with T replaced by T'. To prove the first point it is enough 
to show that both xi and x 2 belong to the image of the middle map in the ex¬ 
act sequence ( 13.31b . For this we must show that their image under the third 
map is zero. By construction, the localization at each v £ S 3 of this image is 
zero: For v £ Sj lying away from .S', the localization is zero because X\ and 
X 2 are not supported on v, and for v £ Sj lying over S, the localization is an 
element of H 0 {T Ei / F , v ,Q v ) = H' 2 (Y Ej /F,v- TL{Ej,v)) C H 2 (T V , T s ' c ), which is 
trivial by IKot861 Lemma 10.4]. Thus the images of xi and X 2 are locally every¬ 
where trivial elements of H°(T E ./ F , G v [S'/.;. ( ]o). But this group is isomorphic 
to H 2 (T Ej /F, Tg C (0 Ej ,Sj))> which by Lemma 15. 1.1 01 is a subgroup of H 2 (T, T'). 
According to I1PR941 §6.3,Prop. 6.12] the latter has no non-trivial but every¬ 
where trivial elements. This completes the proof of the first point. 

To prove the second point, choose j so that Ej splits T ir exp(Y) £ N.y, and 

Xi comes from A, £ Yi[Sj tEj , Sj] 0 El/F r where Yj = X*(Tj/Z). We will use the 
explicit construction of i E y of Proposition 13.7.81 For this we fix a Tate-cocycle 
a 3 (Ej,Sj) £ Y 2 (r B ./ F , Hom(Z[S' JiE Jo- 0 E . S .)), let N £ be a multiple of 
exp(Y), and let k : Og —t Og. be an IV-th root function. This data leads to the 
explicit extension t E . g. N and to the elements of Z 1 (P E . ^. N —> t E . g■ n>% 

Ti) defined by 

z A it N '■ £Ej,Sj,N -t Ti(0 Sj ), xlEcr i->- g. N ([Ai])(x)-{ka 3 (Ej, S)U Ej/F NAi). 
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We inflate each z E ., N to an element z E . of Z X (P E , g. —> S E , g.,Z —>■ Ti) via 

the projection ^EySj —> ^EySyN- We then choose a diagram (13.291 1 and obtain 
elements z E . of Z x (Py —> £y,Z —> Ti) whose classes represent tp(xi). We 
compose z A . with the inclusion 7’, -v G and want to show that z Aa ■ (z A| )“ 1 G 
Z 1 {Py —> i’ v -, Z —► G 1 ) lifts to Z 1 ( r, Gg C ). Since we are using the same di¬ 
agram ( 13.29b for both z E ., it will be enough to show this for the elements of 
Z\P E . g. —> 0 2 ,Z —> Ti) whose composition with £y —>• D 2 is equal to 
z A .. Let us reuse the notation z A . for these elements. The explicit extension 
has the form (0 S) ) E3 T Sj . and so we have D 2 = P/y,s,-(P) E T. 
The elements z A are given by the same explicit formula as z A . N . The images 

[Aj] G Hom(T, M E yS j ,N) r = A v [S^eJo °f A i are equal and we see 

[^A 2 •(-A 1 ) _1 ](^^ lcr ) = (ka 3 (E j ,S)U E . /F NA 2 )(a)(ka 3 (Ej 1 S)U E . /F NA 1 )(a)~ 1 . 

Thus z a , 2 • (z Al ) -1 is inflated from an element of Z 1 (F. G 1 ). We now show that 
this element comes from ZP (T. G ) c ). By assumption there exists g G G(F) and 
M G o such that Ad(p)Ai = A 2 + M. We have the r^./^-invariant 

decomposition Yj ® Q = P, v <S> Q ® Q A ® Q, where PV = X*(T iAd ) and 
Q, = A*(7j ad ). It is realized by the projection Y, —>• P- J given by interpreting 
elements of Yi as linear forms on X*{Ti) and restricting them to Qi. We write 
A i = Pi + Ti according to this decomposition. We then have p 2 = Ad(g)p\ + M 
and r 2 = Ad(<7)7"i. We enlarge N if necessary so that Npi G Q V and Nri G Q^~, 
where Qf = X t (7’, AC ). The inclusions Z(G)° —t Ti give the identifications 
X t .\Z(G)°) —t G; l . It follows that the contributions of ri and r 2 to z Aa • (z A | ) _1 
cancel out and we are left with 

^A 2 -(-A 1 ) _1 ](^ cr ) = ( ka 3 {E J: S) U Ej/F Np 2 )(a) (ka 3 (Ej,S) U Ej /f Np 1 )(a)~ 1 . 

V -/ ^ V 

V V 

C2 Cl 

We have c,; G G 1 (T, 7’, sc ). The right-hand side is thus a 1-cochain of T valued 
in G sc and we want to argue that it is a 1-cocycle for the twisted group G ac . Its 
differential is given by 

[c 2 (cr)ci(cr) _1 ][ci(cr) • ct c 2 (t) • CT ci(r) _1 • c x (ct) -1 ][c 2 (ctt)ci(ctt) -1 ] -1 . 

Opening brackets, using the commutativity of 7~j sc and rearranging, this is 
equal to 

C 2 (ct) • °’c 2 (r) • dci(cr,r) _1 • c 2 (ctt) _1 . 

The image of c\ in G 1 (T, Ti. a d) is equal to the image of z A ; there and is thus a 
1-cocycle, hence dc\ G Z 2 (l\ Z(G SC )). This allows us to rearrange once more 
and obtain 

dc 2 (cr, t) ■ dci(a , r) _1 . 

Since Npi G [Q) / ] NEj/F we conclude from I IKall6l Fact 4.3] that da = dka 3 (Ej, S)U 
Npi. The inclusions Z{G SC ) —t 7 ASC provide the identifications T' 2 /(}■ —t 
Hom(/jjv, Z(G SC )) under which the images of p\ and p 2 coincide and hence 
dc\ = dc 2 . □ 


3.9 A ramification result 

We review here a result UTaTbll of Taibi that is essential for our applications. For 
this result is is important that we take £ to be the canonical class of Definition 
I3.5.4l and let £y be the corresponding gerbe. 
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Let G be a connected reductive group and Z C G a finite central subgroup, 
both defined over F. For an element z £ Z 1 (Py — > Ey, Z — ► G) we have the 
collection of elements loc„(;j) £ Z 1 (u v — > W v . Z G ) for all v £ V. Each 
element loc„(z) is well-defined up to an element of B 1 Z). Since z\p v fac¬ 
tors through Psi.Si.Ni for some i, it follows that for almost all v the restriction 
loCu(z)| u „ is trivial, so loc„(z) is in fact inflated from Z l (T v , G). At the same 
time, for almost all v we have Z(P V ) = Z(() f;>) and this is a 1’,,//,.-module, 
hence B 1 (T V , Z ) = B 1 (Y V /I V , Z(()f;;))- Fix an integral model of G, i.e. an ex¬ 
tension of G to a reductive group scheme over Of,s for some finite set S C V. 
For almost all v, the subgroup G(()f;;; ) C G(F“) does not depend on the choice 
of an integral model. We may thus ask the following question: Is it true that 
for almost all v the 1-cocycle loc„(z) is inflated from Z 1 (T V /I V , G ( Of %) j? It was 
shown in ffaibl that the answer is indeed positive: 

Proposition 3.9.1 C ITaibl Proposition 6.1.1]). Let z £ Z 1 (Py —s- Ey. Z —y G). For 
all but finitely many v £ V, the cocycle loc v (z ) £ Z l (u v —> W v , Z —> G)/B 1 (T Vl Z) 
is inflated from Z 1 {T V /I V1 G(Of »)). 

4 Applications to the trace formula and automorphic 

MULTIPLICITIES 

In this section we are going to use the refined local endoscopic objects intro¬ 
duced in BKall6ll to produce two essential global endoscopic objects - the adelic 
transfer factor used in the stabilization of the Arthur-Selberg trace formula and 
the conjectural pairing between an adelic L-packet and its global S'-group. The 
first of these objects - the adelic transfer factor - is already defined, see e.g. 
I LS871 §6.3] or I KS991 §7.3], where it is denoted by Aa( 7 , 6). The point here is to 
show that this factor admits a decomposition as the product of the normalized 
local transfer factors introduced in |[Kall6l §5.3]. The second global object - 
the pairing between an adelic L-packet and its global S’-group - has so far not 
been constructed for general non-quasi-split reductive groups. As discussed in 
IIKot841 §12] and 1 BR941 §3.4], it is expected that this pairing is canonical and 
has a decomposition as a product of local pairings. We will construct this pair¬ 
ing here using the refined local pairings of I Kali 6 . §5.4] and then show that the 
result is canonical. 

In the last subsection, we will summarize the results of this section in the lan¬ 
guage of HArt06l . We will show that the local conjecture of [K all6| implies the 
local conjecture of IArt06l . and we will show that Proposition 14.4.11 (which is 
unconditional) implies [Artl3l Hypothesis 9.5.1]. 


4.1 Notation for this section 

Let G be a connected reductive group over the number field F with quasi-split 
inner form G* and let f be a G-conjugacy class of inner twists if : G* —> G. 
We write Gd er / G sc , and G a d, for the derived subgroup of G and its simply 
connected cover and adjoint quotient, respectively. We use the superscript * to 
denote the same objects relative to G*. Let G* be the Langlands dual group of 
G* and L G* = G* a Wf the Weil-form of the L-group of G*. We will write 
G * der for the derived subgroup of G* and G* c and G* d for the simply connected 
cover and adjoint quotient of G der . We will write Z sc for the center of G* c and 
Z sc for the center of G* c . We will write Z dcr for the center of G dei . 
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We set G* = G*/Z der = G* ad x Z(G*)/Z dei and G* sc = G*JZ SC = G* ad . Then we 
have G* = G* c x Z(G*)° and G* c = G* c . Recall the notation Z(G*) + for the 
elements of Z{G*) which map to Z(G*) V . We will use the analogous notation 
Z(G*) +V for those elements that map to Z(G*) Fv when v is a place of F. 

With this notation, we can give the following interpretation of Theorem 13.7.31 
Corollary 13.7.41 and Theorem 13.8.11 As was argued in I Kali . Proposition 5.3] 

there is a functorial embedding Y +v tm (Z —> G*) —> Tt d (Z(G*) Jrv )*. The same 
argument shows that there is a functorial isomorphism 

Y +d 0 I (Z^G) ^MZ(G*) + y. 

Moreover, the map Y1 > n the bottom row of the diagram in Theorem 13.8.11 is 
dual to the diagonal embedding 

Z{G*) + -> z(G*) +v . 

vev 


Let £ be the canonical class of Definition 13.5.41 and let £ v be the corresponding 
gerbe. 


4.2 From global to refined local endoscopic data 

Let us first recall the notion of a global endoscopic datum for G following 
1LS871 §1.2]. It is a tuple (H, %,,?,£) consisting of a quasi-split connected re¬ 
ductive group H defined over F, a split extension 'H of IT'/ by //, an element 
s £ Z{H), and an L-embedding £ : T-L —» L G* satisfying the following condi¬ 
tions: 

1. The homomorphism Wf —>• Out( II) = Out(fT) determined by the exten¬ 
sion TL coincides with the homomorphism T —> Out(II) determined by 
the rational structure of H, in the sense that both homomorphisms factor 
through some finite quotient Wf/We = I V/Ib; and are equal 

2. £ induces an isomorphism of complex algebraic groups H —? Cent(f, G*)°, 
where t = £(s). 

3. The image s £ Z(11)/Z(G*) of s is fixed by Wf and maps under the 
connecting homomorphism H°(Wf, Z{H)/Z{G*)) —> H 1 (Wf, Z{G*)) to 
a locally trivial element. 


In condition 3 we have used the fact that conditions 1 and 2 provides a T- 
equivariant embedding Z(G*) Z(II). Recall that a locally trivial element 
of H 1 (Wf, Z(G*)) is one whose image in H 1 (Wf„ ,Z(G*)) is trivial for all v £ 
V ( F ). Up to equivalence, the datum (H, 'H. s, 0 depends only on the image of 

s in n 0 ((Z(H)/Z(G*)) r ). 

On the other hand, a refined endoscopic datum is a tuple (iT, 7f,s,£) where 
H, 'H, and £ are as above (but now over a local field F), and s is an element 
of Z(H) + (whose image in Z(H) r we denote by s) such that conditions 1 and 
2 are satisfied. Condition 3 is unnecessary. We have used here the fact that 
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conditions 1 and 2 provide an /-’-embedding Z(G) —> Z(H') which allows us to 
form the quotient H = II/ Z c \ ex and hence obtain H. Recall that Z(H) + is the 
preimage of Z(H) r under the isogeny II II. Up to equivalence, the datum 
(H, 'H. s, £) depends only on the image of s in ttq (Z(ll) + ). Note that, unlike in 
the global case, we are not allowing to change s by elements of Z(G*). 

We will now show how a global endoscopic datum c = (//. 'H, s, £) gives rise to 
a collection, indexed by V, or refined local endoscopic data. Using the embed¬ 
ding Z(G) —> Z(H) we form ll = H/Zd el and obtain from £ the embedding 

H — »■ G* whose image is equal to Cent(t, G*)°. In order to simplify the nota¬ 
tion, we will use the same letter for elements of H or H and their image under 
U so in particular we have s = t. Let s sc £ G* c be a preimage in G* c of the image 
Sad G G* d of s. According to condition 3 above, given a place v £ V there exists 
y v £ Z(G*) such that s der • y v £ Z(H) Tv , where Sder G G der is the image of s sc . 
Write y v = y[, ■ y" with y' v £ Z(G der ) and y" £ Z(G*)° and choose a lift y’ v £ Z sc . 

Then s v := (s sc • y' v ,y") belongs to Z(H) +v and e„ = (H,'H,s v ,£) is a refined 
local endoscopic datum at the place v. We thus obtain the collection (z v ) ve y of 
refined local endoscopic data. 

We emphasize that we use the same s sc to form all c v . The collection (e v ) v de¬ 
pends on the choice of s sc and each member e v depends furthermore on the 
choices of y' v and y". We shall see that these choices do not influence the re¬ 
sulting global objects, which means that they depend only on the equivalence 
class of the global datum c. 

There are two special cases in which the construction of the collection (e„) sim¬ 
plifies. The first case is when G der is simply connected. Then Z(G*) is con¬ 
nected and we can take y " = y„ and i/ v = 1, so that s v = (s s c , y v ). The second 
case is when G* satisfies the Hasse principle. Then the choices of y\, and y” 
can be made globally and this leads to a global element s. Indeed, according to 
BKot841 (4.2.2), Lemma 11.2.2] we have ker 1 (WV, Z(G*)) = 0 and we can thus 
choose y £ Z(G*) such that s der • y £ Z(H) r . Write y = y' • y" with y' £ Z(G der ) 
and y" £ Z(G*)° and choose a lift y’ £ Z(G* C ). Then s := (s sc • y',y") belongs 
to Z(H) + . We let s„ := s for each v £ V. 


4.3 Coherent families of local rigid inner twists 

We are given an equivalence class 4/ of inner twists G* —> G over F. At each 
place v £ V this leads to an equivalence class : G* —> G of inner twists over 
F v and we would like to enrich it to an equivalence class 'l', ; : G* —> G of rigid 
inner twists such that the collection is in some sense coherent. We do 

this as follows. The class T provides an element of H [ (T. G* d (/-’)). According 
to Lemma 13.6.11 this class has a lift to H 1 {Py —t £y, Z sc —> G* c ). This means 
that for every ip £ there is an element z sc £ Z x (P v £y, Z —»• G* c ) with the 
property that 1 cr('0) = Ad(z a d(o-)), where z a( j £ Z 1 (T,G* d ) is the composi¬ 
tion of z sc with the projection G* c —> G* d . For each v £ V, let z SCj „ £ Z 1 {u v —t 
W V ,Z —t G* c ) be the localization of ,; sc at v as defined in Subsection 13. bl and let 
z v £ Z 1 (u v —t W v , Z —>• G*) be its image. Then (ip, z v ) : G* —> G is a rigid inner 
twist over F v . 
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We have thus obtained a collection (ip, z v ) v of local rigid inner twists indexed 
by v £ V. The collection depends on the choice of z sc , as well as on the choices 
of localizing diagrams d3.20b (the dotted arrows in these diagrams needs to be 
chosen). As we discussed in Subsection 13.61 Proposition 13.4.51 implies that the 
choice of localizing diagrams is irrelevant, because changing it will change z SCjV 
by an element of B 1 (T V , Z sc ) and thus no cohomology class constructed from 
z s c ,v will detect this change. The potential influence of z sc is stronger, as it could 
influence the local cohomology classes. We shall see however that the global 
objects obtained from these local cohomology classes remain unaffected and 
thus depend only on T. 

It is interesting to note the parallel of choices made in this subsection and in 
Subsection 14.21 The choice of z sc lifting T here corresponds to the choice of s sc 
lifting s a d there. 


4.4 A product formula for the adelic transfer factor 

In this subsection we will show that the adelic transfer factor admits a de¬ 
composition as a product of normalized local transfer factors. We are given 
an equivalence class T of inner twists G* —> G, an endoscopic datum e = 
(H, FL, s, £) for G*, and a z- pair 3 = (II \ , £//,) for c. The adelic transfer factor is 
a function 

A a : Hi q. si (A) x G SI (A) —> C, 

which associates to a pair of semi-simple and strongly G'-regular elements 71 £ 
and 6 £ G S r(A) a complex number A a (7i,< 5) £ C. This factor is 
defined in 1LS871 §6.3], but see also 1 KS991 §7.3], where z-pairs are explicitly 
used. It is identically zero unless there exists a pair of related elements 770 £ 
Hi t G-sr(F) ar| d do £ G SI (F), which we now assume. 

We let (c v ) vf zy be the collection of refined local endoscopic data obtained from c 
as in Subsection l4.2l We obtain in a straightforward way a collection ($ v ) ve y of 
local z-pairs from the global z-pair 3 . Let to be a Whittaker datum for the quasi¬ 
split group G* , and let tn ,, denote its localization at a place v. We furthermore 
let (ip, z„) v G y b e the collection of local rigid inner twists obtained from T as in 
Subsection l4.3l Note here that d £ T was chosen during that construction. For 
each v £ V we have the normalized local transfer factor 

Ajto^, k v , $ v , ip, z v \ Hi G-sr(Fv) ^ G sr (F v ) > (0 

defined in UKal 161 §5.3]. 

Proposition 4.4.1. For any 71 £ IT^g-si^A) and S £ G sr (A) we have 

A A (71 ) ^) — 11 ( Zsc,v ; Vv)^ [ftb 7 tv 7 5v 7 V^7 Zy \ (yi,v 7 ^v) • 

vev 

For almost all v £ V, the corresponding factor in the product is equal to 1. For all v, 
the factor in the product is independent of the choices of y' v and y" made in Subsection 

m 


Before we give the proof, we want to make a remark on the statement. At 
first sight it may seem surprising that we had to include the factor (z SCtV ,y' v ) in 
the formula. This is an explicitly given complex number and can of course be 
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hidden by including it into the definition of the normalized transfer factor. This 
seems natural from the global point of view and is part of the reformulation of 
our results given in Subsection 14.61 However, from the local point of view this 
appears less natural to us, which is why we have kept the formulation as it 
is. Note that when Gd er is simply connected, which is often assumed in the 
literature when dealing with the passage from global to local endoscopy, the 
discussion at the end of Subsection 14.21 shows that we may choose y' v = 1, 
and this factor disappears. If G satisfies the Hasse principle, then the same 
discussion shows that y' v = if for a global element if £ Z(G* C ). Then the 
product over all v of the terms {z SCJ! , y'f) is equal to 1 by Corollary 13.8.21 so 
again these terms can be removed from the above formula. 


Proof. For each e„, let e v be the corresponding usual (non-refined) local endo¬ 
scopic datum. Then the collection (e v ) v is associated to c as in 1LS871 §6.2]. It 
is shown in [LS871 Corollary 6.4.B] that if AG) : H\ t Gsr{F v ) x G sr (F v ) —t C is 
an absolute transfer factor normalized so that A^) ( 710 , <5o) = 1 for almost all v 
and such that Tli-eu A (u) ( 7 i.o,^o) = 1 /then 

Aa(7i,*)= II A( %i,,A)- 

vev 

We will show that our normalized transfer factors (z sc ,v, y(,)A[tD t ,, z v ,3 v,ip,z v \ 
satisfy these properties. First off, they are indeed absolute transfer factors, ac¬ 
cording to lKall 6 t Proposition 5.6]. Now let 70 £ H(F ) be the image of 71,0 
and let iff C II be the centralizer of 70 . Choose an admissible embedding 
Tff —> G* and let <5 q be the image of 70 . Then <5g and <5 0 are stably conjugate, i.e. 
there exists g £ G*(F ) such that ^(gS^g -1 ) = 6 q. We recall HKall 6 i (5.1)] that 
the factor A[tr>„, e „,3 v ,ip, z v \{ 71 ,o> ^ 0 ) is defined as the product 

A[ttJ„,e„, 3 „]( 7 i, 0 , 5 S) • (inv(<^, (G, ip, z v , S 0 )), 

where A[ro„. c, ; , 3 ,. is the Whittaker normalization of the transfer factor for e„ 
and the quasi-split group G*. It is the product of terms e V/ A/, A//, A 2 , and 
A iv (we have arranged that Ai = 1 by taking 6q to be the image of 70 under 
the admissible embedding i ff —t G* that we are using to construct the factors). 
Here e v is the local e-factor defined in I KS99 1 §5.3] and the other terms are 
defined in 1; LS87I . For almost all v the local e-factor is equal to 1 and the product 
over all v gives the global e-factor of a virtual representation which is defined 
over (Q), and hence self-dual, so the result is equal to 1. All the A? terms are also 
equal to 1 for almost all v and their product over all v is equal to 1 according to 
1 1.587 . Theorem 6 .4.A]. It will thus be enough to show that for almost all v the 
term 

^) _ 1 ( inv (^o, (G, V, z v , 5 0 )), s„, 70 /*)> (4.1) 

is equal to 1 and that the product over all v of thee terms is equal to 1. For 
this, recall that the class inv(6 q,(G, ip, z v , So)) £ IT 1 (u„ — > W v . Z^ er — > To) is 
represented by the 1 -cocycle 

x v : W v -t T 0 (F V ), w !->• g~ 1 z v (w)a w (g) 

where a w £ T , ; is the image of w. The class of x v does not depend on the choice 
of g and it will be convenient to assume that g is the image of g sc £ G* C (F). 
Then x v , sc (uu) = g~f z S c,v{w)a w (g S c) is a lift of x v to an element of Z 1 (u v —t 
W v , Z sc —> To, sc ). 
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On the other hand, s„, 70i( 5 j € 7ro(To ) is the image of s v € no(Z(H) +v ) un¬ 
der the map <p 7o .,5* : Z(H) — >• —>• To coming from the chosen admissi¬ 

ble embedding. We have To = [T 0 ] sc x Z{G*)° and by construction s„, 70 )( 5* = 
(t 70 ,^( s s c)y'v,y")- The ma P i z sc -t To, sc ] -t [Z der -t To] dualizes to the map 
[T 0 ] sc x Z(G)° —> [T 0 ] sc given by projection onto the first factor. It follows that 
<4.1b is equal to 

("sc ,vtVv) (^NsCj T 7 odJ ( S SC )Vv)- (4-2) 

Now (x VtSC , —} is a character of 7r 0 ([To,sc] + ”) whose restriction to Z(G* C ) +V is 
equal to (z sc ,v, —). This means that (14.211 becomes 

(Xv,sci T 7 o,i5o ( S sc)}■ (4-3) 


Consider the element of Z 1 (Py —t £y, Z sc —> T 0 , sc ) given by 

x sc ■ e i-t g^ c 1 z sc (e)a e (g S c)- 

The 1-cocycles loc v (x sc ) and x V}SC are equal, where loc v is the localization map 
(13.19b constructed via Diagram (13.20b . According to Corollary l3.7.41 for almost 
all v the cohomology class loc v ([x sc \) is trivial and hence the corresponding 
term ( 14.3b is equal to 1. Moreover, if we restrict each character (Zoc„([a; sc ]), —} 

of 7r 0 ([To^c] -1 " 1 ') to the group 7r 0 ([T 0 , sc ] + ) and take the product over all v, the re¬ 
sult is the trivial character. But since the image of s in Z(H) /Z(G) is T-fixed, 

y 7o , 5 * (s sc ) belongs to 7r 0 ([To, sc ] + ) and the proof of the product formula is com¬ 
plete. 

The statement of the independence of choices is immediate from equation (14.3b . 
Indeed, neither y' v or y" appear in this formula. Moreover, only the cohomol¬ 
ogy class of x sc and its localizations are involved, but these are independent of 
the particular localization diagrams. □ 


The remaining choices that we made - of the element s sc in Subsection 14.21 
which we may multiply by any element of Z sc ; of the lift 2 SC of T, which we 
may multiply by any element of // 1 (£ v . Z sc ); and of the global Whittaker da¬ 
tum to, which we may conjugate by an element of G* d (T) - can influence the 
individual factors in Proposition 14.4.11 However, the proposition implies that 
they do not influence the product. 


4.5 The multiplicity formula for discrete automorphic representations 

In this subsection we will recall the conjectural multiplicity formula for tem¬ 
pered discrete automorphic representations due to Kottwitz ||Kot841 §12] and 
then, assuming the validity of the local conjecture stated in lKa!16l §5.4], we 
will construct the global pairing that occurs in this formula. 

Let tp be a generic global Arthur parameter for G*. This can either take the 
form of an T-homomorphism tp : Lp ^ L G* with bounded image, where Lp 
is the hypothetical Langlands group of F, or it can be a formal global param¬ 
eter modelled on the cuspidal spectrum of GL v, as in I Artl31 §1.4]. We will 
assume here that we are dealing with an T-homomorphism, since the argu¬ 
ments needed in the case of formal parameters are independent of the problem 
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we are discussing. At each place v G V, the parameter p has a localization, 
which is a parameter ip v : L Fv —t L G*. The validity of the local conjecture 
ensures the existence of an /,-packet I l. P:; of tempered representations of rigid 
inner twists of G* together with a bijection 

* fl tp v y ter(S^). 

The set Ii Vv consists of equivalence classes of tuples (G' v , ip' v , z' v , tt', ), where 
(■ ip' v ,z' v ) : G* —y G' v is a rigid inner twist over F v and n' v is an irreducible tem¬ 
pered representation of G'(F V ). The group ,S'+_ is the preimage in G* of the 

group S Vv = Cent (p v ,G*). The bijection l V v)mv depends on a choice of local 
Whittaker datum iu, . As in Subsection 14.4[ we chose a global Whittaker datum 
to for G* and let tD„ be its localization at each place v. 

We are interested in the particular group G. We choose a family of local rigid 
inner twists (ip, z v ) : G* —y G indexed by v G V as in Subsection 14.31 Then the 
subset of II^ consisting of tuples (G, ip, z v , n v ) is the L-packet of representa¬ 
tions of G(F V ) corresponding to p v . We consider the adelic L-packet 

fTp = { 7 r = (G,ip, z v ,w v ) G H Vv ,b Vv ((G,ip, z v ,n v )) = 1 for almost all v}. 

Lemma 4.5.1 (Taibi). The set consists of irreducible admissible tempered repre¬ 
sentations o/G( A). 

Proof. The only non-obvious point is that tt v is unramified for almost all v. In 
fact, this is a non-trivial statement that relies in Taibi's result Proposition |T9Tj 
and the work of Casselman-Shalika ICS80 I. 

There exists a finite set S of places of F such that G* and G have integral models 
over Of,s> ip ’■ G* —y G is an isomorphism over Os, and for all v f S the 
Whittaker datum tn„ is unramified, the local parameter p v is unramified, and 
by Proposition l3.9.1l the 1-cocycle z v is inflated from Z 1 (T F u ,/ Fv , G*(0 F uf)). The 
triviality of lT 1 (r F »,/ Fv , G*(O f ™)) implies the existence of g G G*(Of™) such 
that f = ip o Ad(<? -1 ) is an isomorphism G* —y G defined over 0 Fv . Now (jj. f) 
is an isomorphism from the rigid inner twist (ip, z v ) : G* —> G to the trivial 
rigid inner twist (id, 1) : G* —y G*. It follows that u v>v (G*, id, l,7r„ o /) = 1. 
In other words, the representation 7r„ o / of G*(F) is in, -generic. According to 
ICS80I tt,, ° f is unramified with respect to the hyperspecial subgroup G* (0 Fii ) 
of G*(F V ). Since / is an isomorphism defined over 0 Fv , tt is unramified with 
respect to the hyperspecial subgroup G(0 Fv ) of G(F V ). □ 

It is expected that every tempered discrete automorphic representation of G(A) 
belongs to such a set TV v for a suitable p that is discrete (elliptic in the language 
of IKot84l §10.3]). Moreover, Kottwitz has given a conjectural formula EKot84l 
(12.3)] for the multiplicity in the discrete spectrum of G of any 7r g n v . For this, 
consider the exact sequence 

1 -y Z(G*) -y G* -y G* d -> 1 

of complex algebraic groups with action of L F given by Ad o p. It leads to the 
connecting homomorphism 

Cent(p, G* d ) —y H 1 (L F , Z(G*)). 

Let be the subgroup of Cent(<p, G* d ) consisting of elements whose image 
in // 1 ( L F . Z(G*)) is locally trivial, i.e. has trivial image in II 1 (L Fv . Z(G*)) for 
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every place v £ V. This group is denoted by S tp /Z{G*) in f Kot84l (10.2.3)]. Let 
S v = no(S^). Kottwitz conjectures that there exists a pairing 

<S V x -»■ C (4.4) 

realizing each element of ID as the character of a finite-dimensional represen¬ 
tation of Sp, so that the integer 

m(<p,7r) = l^r 1 ^ 

x^Stp 

gives the y-contribution of n to the discrete spectrum of G. In other words, 
the multiplicity with which 7r occurs in the discrete spectrum of G should be 
the sum ^ m(y. n), where y rrrns over the set of equivalence classes !Kot84 1 
§10.4] of discrete generic global Arthur parameters with 7r £ 11^. 

We will now give a construction of d4.4b . Let s a d £ S'® 11 and choose a lift 
s sc £ Sf, where S s f is the preimage in G* c of S* d . We follow the argument of 
Subsection H2] to obtain from s sc an element s v £ S+ for each v £ V. Namely, 
by assumption there exists an element y v £ Z(G*) such that Sder • y v £ S Vv for 
each v £ V. Decompose y v = y' v ■ y" with y' v £ Z{G* deT ) and y" £ Z(G*)° and 
choose a lift y' v £ Z(G* C ) of y' v . Then (s sc • y' v ,y") £ S+. Let us write ((s sc • 
y' v ,y")i (G, ip, z v ,tt v )) for the character of the representation t Vv {{G, ip, z v ,n v )) 
of 7r 0 (S+ u ) evaluated at the element (s sc • y' v , y"). 

Proposition 4.5.2. Almost all factors in the product 

(sad,7r) = Ylizsc.viVvy 1 ((s sc ■ y' v ,y"), (G,ip, z v ,ir v )) 

vGV 

are equal to 1 and the product is independent of the choices of s sc , y' v , y", the collec¬ 
tion (z sc , v ) v , and the global Whittaker datum tu. The function s a j H- {s„d, it) is the 
character of a finite-dimensional representation ofS v . 

As in the case of Propositi on !4. 4. ll we remark that if G* icr is simply connected, or 
if G* satisfies the Hasse principle, then the factors (z sc ,v, y ' v ) _1 can be removed 
from the formula. 

Proof. By construction of we have {{s sc -y' v , y"), (G, ip, z v , ir v )) = lfor almost 
all v. Recall from Subsection 14.21 that the class of z sc<v in // ' (u v — > W v , Z sc — *■ 
G* c ) is the localization loc v {[z sc \) of the global class [^ sc ] £ H l {Py —> £y,Z sc —*■ 
G* c ). According to Coro 11 ary 13.7.51 this localization is trivial for almost all v. 

We have established that almost all factors in the product are equal to 1. Now 
we will show that each factor is the character of a finite-dimensional represen¬ 
tation of the group Sf. Recall from Subsection l4.il that G* = G* c x Z(G*)°. We 
have the maps Z(G*) +V —> and Z(G*) +V Z{G* C ), the second given by 

projection onto the first factor of Z{G*) = Z{G* C ) x Z(G*)°. We claim that we 
have a well-defined homomorphism 

S% S+ v x z{ & )+ „ Z (G* SC ), (4.5) 

sending an element s sc £ S* c to the element [(s sc • y' v ,y"), {y'v) -1 ]- Indeed, the 
tuple {y' v ,y'v) can only be replaced by {y' v x' v ,y"x'l), where x' v £ Z{G* C ), x” £ 
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Z(G*)°, and if x' v € Z(G * der ) is the image of x' v , then x = x' v x " e Z(G*) r ”. But 
then (x' v ,x") € Z(G*) +V and thus in the target of (14.5b we have the equality 

[(Ssc-y'vZMltfX)- 1 ] = [(Ssc-vMiv'vr 1 ]- 

This shows that (14.5ft is well-defined. Checking that it is a homomorphism is 
straightforward. Since the character of Z(G) +V by which the representation 
°<Pv ((G, ^) z v ; )) of /?+ transforms is the pull-back of the character (z SC,1>? ) 
of Z(G sc), the tensor product u Vv ((G, ip, z v ,n v )) <g> (z SCi „, — ) descends to a repre¬ 
sentation of the target of (14.5ft and pulls back to a representation of S * c , whose 
character is the factor corresponding to v in the product above. 

We have thus proved that this product is the character of a finite-dimensional 
representation of ,S'®5 and that it is independent of the choices of y' v and y" for 
each place v. We shall now argue that this representation is independent of 
the choice of z sc and descends to the group S v = S S J/Z(G* c )S s J-°. First, 5* c, ° 
maps to the connected component of the target of 114.511 , but the latter maps 
trivially to the finite group no(S + v ) x z ,gi^ +v Z(G* C ), from which the represen¬ 
tation t Vv ((G, ip, z v ,n v )) ® v , — ) is inflated. Second, if we either choose a 
different lift z sc of 4, or a different lift s sc of s a d, or a different global Whittaker 
datum it), then some individual factors in the product might change. However, 
each such change will simultaneously occur in the same factor of the prod¬ 
uct in Proposition 14.4.11 because the two factors are related by the endoscopic 
character identities [K ail6 (5.11)], which are part of the local conjecture whose 
validity we are assuming in our construction. However, we know from Propo- 
sition l4~4~Tl that the product over all places equals the adelic transfer factor and 
thus remains unchanged. This means that the product over all places of the 
changes in the factors is equal to 1. □ 


4.6 Relationship to Arthur's framework 

hr H A rt06 ll. Arthur states a version of the local Langlands conjecture and endo¬ 
scopic transfer for general connected reductive groups, motivated by the stable 
trace formula. His formulation is different from the one given in IKall6l §5.4]. 
For one, it uses a modification of the classical local S'-group that is different 
from ours. Moreover, besides the conjectural local pairings between /.-packets 
and .S'-groups, it introduces further conjectural objects - the mediating func¬ 
tions p(A, s) and the spectral transfer factors A (<p', 7r). Their purpose is to en¬ 
code the lack of normalization of the (geometric) transfer factors of Langlands- 
Shelstad as well as the non-invariance of these transfer factors under automor¬ 
phisms of local endoscopic data, both of which are problems in local endoscopy 
that arise in the case of non-quasi-split groups. The local pairing is then sup¬ 
posed to be given as the product of the mediating function and the spectral 
transfer factor. 

In this subsection, we will show that the local conjecture formulated in BKall6l 
§5.4] implies a stronger version of Arthur's conjecture of IIArt06l . The strength¬ 
ening is due to the fact that the conjecture in HKall6t §5.4] implies that all ob¬ 
jects in Arthur's formulation are canonically specified, and that furthermore 
the mediating functions have a simple explicit formula which in fact allows 
them to be eliminated if so desired. The reason we can achieve this is that the 
main local problems introduced by non-quasi-split groups - namely the lack of 
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canonical normalization of the Langlands-Shelstad transfer factor and its non¬ 
invariance under automorphisms of endoscopic data - were resolved in lKa!16l 
§5.3] based on the cohomology of local Galois gerbes. 

We feel that the translation between our statement and that of Arthur, even 
though not difficult, allows one to combine the strengths of both formulations 
of the local conjectures. Arthur's framework makes the application of the lo¬ 
cal conjecture to global questions somewhat simpler. In particular, it makes the 
extraneous factors in the product expansions of Propositions l4.4Tl and [4.5.2l dis- 
appear. On the other hand, our local conjecture is more intrinsic to the group 
G and makes many local operations, for example descent to Levi subgroups, 
more transparent. It is also closely related (and in some sense extends to arbi¬ 
trary local fields) some of the discussion of li ABV928 . 

We begin by recalling Arthur's conjecture from j Art06l §3]. It is stated for non- 
archimedean local fields of characteristic zero. We let F be such a field and we 
let : G* —> G be an equivalence class of inner twists with G* quasi-split. Let 
tx> be a Whittaker datum for G* and let : Lp —> L G* be a tempered Langlands 
parameter. Let S v = Cent(y. G*) be its centralizer, S the image of S v in G* d , 
and S^ the preimage of S* d in G* c . From T we obtain an element of H 1 (r, G* d ) 
and hence by Kottwitz's isomorphism l iKot86i §1] a character C* = z lc “>• CX - 
Arthur proposes to choose an arbitrary extension G, : Z sc —> C x of this char¬ 
acter and to consider the set Irr(7ro(S'® c ), of irreducible representations of 
the finite group 7r (l (.S'jh 0 ) that transform under Z sc by Arthur expects this set 
to be in non-canonical bijection with the L-packet IC (G) of representations of 
G(F) corresponding to <p. This non-canonical bijection depends on the choice 
of a normalization A of the Langlands-Shelstad transfer factor as well as on 
the (independent) choice of a mediating function p{ A, s). Part of the conjec¬ 
ture is the expectation that these two choices can be made in such a way that 
s i-t (s,7r) = p(A, s) -1 A(<p', 7r) is the character of the irreducible representa¬ 
tion of tto(ST c ) corresponding to ir, see !Art06l §3]. The endoscopic character 
identities are supposed to match the stable character of an endoscopic param¬ 
eter <p' with the virtual character of the L-packet 1G (G) in which the charac¬ 
ter of 7T £ II.^(G) is weighted by the scalar A(y'. tt). For global applications, 
Arthur formulates the following hypothesis lArt!3i Hypothesis 9.5.1]: If F is 
a number field and at each place v of F one has fixed a normalization A„ of 
the Langlands-Shelstad transfer factor such that JX t , A„ = Aa, then the medi¬ 
ating functions p(A v ,s v ) can be chosen coherently so as to satisfy the formula 
P7 r p(A v ,s) = 1 whenever ip is a global parameter and s £ ,S'®5. 

We will now discuss how the local conjecture of jKa!16l and the global results 
of the current paper imply a stronger form of Arthur's local and global expec¬ 
tations. Let F be a number field, and T : G* G an equivalence class of inner 
twists of connected reductive groups defined over F with G* quasi-split, and 
tr> a global Whittaker datum for G*. 

To discuss the local conjecture, we focus on a non-archimedean place v £ V. 
Fix a lift £ iL 1 (it u —> W V ,Z SC —>■ G* c ) of the localization £ ff 1 (r v ,G* d ) 
of 'T. It exists by llKall6t Corollary 3.8]. The Tate-Nakayama-type duality theo¬ 
rem of UKall 6i §4] interprets 'iy ! SC as a character Q, ; : Z sc —fC x that extends 

and thus naturally provides a version of the character G, in Arthur's formu¬ 
lation. However, we are now in a considerably stronger position, because be¬ 
sides providing the character (§j,, u , the cohomology class T,. sc also normalizes 
the Langlands-Shelstad transfer factor and the pairings between L-packets and 
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S-groups. In fact, since in the non-archimedean case 'f',, sc and C 4 , determine 
each other IKall 6 l Theorem 4.11 and Proposition 5.3], this implies in Arthur's 
language that the choice of ( 4 , normalizes the transfer factor and local pair¬ 
ings. Note however that in the archimedean case \[q ssc cannot be recovered 
from Q, and is thus the more fundamental object. 

More precisely, let 'I' l; g // 1 (u v —> W v , Z dei —»■ G*) be the image of T, ; S c, which 
in turn gives a character Q, : ttq(Z(G*) + v ) —► C x . We recall that since we are 

working with Z der , we have G* = G* c x Z(G*)°. The character that we 
obtain is the pull-back of Q, under the map 

7TQ (Z(G*)+") -»■ Z sc 

given by projection onto the first factor. The conjecture of jKall 6 l §5.4] then 
states that given a tempered parameter <p v : Lp v —> L G* there is a canonical 
bijection 

n^(G)^Irr(7r 0 (5+),4J, 

where (G) is the L-packet on G corresponding to ip v . This packet is related 
to the compound /.-packet II^ u of IIKall 6 l §5.4] by I (G) = {n\(G^,z v ,n)e 
I I Vt) }, where (ip, z v ) g 'I'„ is any representative. Here, as well as below, we 
find it convenient to think of T,, as an equivalence class of rigid inner twists 

G* -»• G. 

In order to translate this into Arthur's formulation we need to relate the two 
sets Irr( 7 To(S'+ j ), £^) and Irr( 7 ro(£^),£^ ). We claim that there is in fact a 

canonical bijection between these sets. For this, we consider the homomor¬ 
phism 

S+ v x z{S ~, )+v Z(d; c), (4.6) 

defined in the same way as j4.5l ). the only difference being that the source is 
instead of the global S * c used there. Namely, to s sc g we choose y g Z(G*) 
such that Sder • y £ S Vv , where Sd er £ G c j er is the image of s sc . Then we choose 
a decomposition y = y' ■ y" with y' g Z(G* det ) and y" g Z(G*)°, and a lift ij g 
Z(G* C ) of y' , and then define the image of s sc under J4.6b to be [(s sc y r , y"), y ,_1 ]. 
One sees immediately that (14.6b is an isomorphism and that its inverse sends 

the pair (s, (y') _1 ) with s = (si,x) g S+ v C G* = G* c x Z(G*)° and y' g Z(G* C ) 
to si • (y')~ l . We now obtain the bijection 

Irr( 7 T 0 (S+ ), Ci„) -»• Irr(5- , C*„, sc ) (4.7) 

that sends p to the pull-back under J4.6b of p (X) C,j, 

In order to discuss endoscopic transfer we fix a representative (ip, z,,. sc ) g 'lq,. sc , 
where ip g 4/ is an inner twist ip : G* —>• G and z VtSC g Z l (u v —> W V ,Z SC —>■ 
G* c ) lifts the 1-cocycle ip~ l a(ip) g ^ 1 (T, G* d ). Given an element s sc g S^ v let 

(s, ( y ' v ) _1 ) £ S+ v x Z(G SC ) correspond to s sc under l!4.6b . We obtain from the 
pair (s,<p v ) the refined endoscopic datum e„ and consider the product 

A[s sc ,r;] := (z SCtV ,y v )A[m, c v ,i v ,ip, z v \, 

which was already studied in Proposition 14.4.11 This product is of course an 
absolute transfer factor, being a scalar multiple of the normalized transfer fac¬ 
tor of lKall 6 i §5.3]. Moreover, it depends only on the image of (s, (y'v)- 1 ) in 
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S+ X, 


• Z(G , )+ „ and hence on s SC/ which justifies the notation. Proposi- 


tion l4.4.I1 can then be reformulated as the equality 

a a = n ^i s sci v]i 


(4.8) 


vGV 


for any s sc £ S® c . 

Although we will not need it, we can give a description of A[s SC) v\ analogous 
to El (5.1)]. It is 

A[s sc ,u](7*, <5') = A[iu, c,3](7j,<5) • {g~ 1 z SCtV {w)a w {g sc ), s SC i7j(5 } _ \ 

where g sc £ G* c and 6 £ G*(F) satisfy ^(Ssc'hfe 1 ) = S' £ G(F). Thus w i-> 
ffsc 1 ' z sc,i)(w ; )c r u ,( 5 ^ 1 ) is an element of Z 1 (u v —> W V ,Z SC —> S sc ), where S = 
Cent (4. G*), and we are pairing the class of this element with an element s S c, 7,<5 £ 

TTobS'sc) obtained from s sc as follows. Identify II with Cent(s,G*)° and write 
11 sc for the preimage of II in G* c . Then we have s sc £ Z(H SC ). Setting S H = 
Cent( 7 . H) we have the admissible isomorphism 0 A 7 : S H —► S satisfying 
^ 7 , 5 ( 7 ) = 8. Together with the canonical embedding Z(II) —> S H this leads 

to an embedding Z(F[ SC ) -7 S sc = S sc and .s sc , 7 y is the image of s sc under this 
embedding. 

Finally, the endoscopic character identities llKall 6 l (5.11)] state that when the 
transfer factor Ajs" 1 ,^] is used to match orbital integrals, the stable charac¬ 
ter of the endoscopic parameter corresponding to (ip v> s) is matched with the 
virtual character 

e(G) ^2 (s, (G,^,z v ,tt)) ■ (zsc,,,,^) -1 ©^. 

■K:(G,ip,z v ,n)£U ipv 

The scalar in front of Q n again depends only on the image of (s, (y(,) _1 ) in 
,S'+_ x z 0 -. + . n Z(G sc ), as shown in Proposition 14.5.21 and hence only on s sc . If 
we denote it by (s sc ,7r) for short, then the map s sc (s sc ,7r) is the character 
of an irreducible representation o f SIT and the map 7r i —7 (—, n) is the bijection 
n v „ —t Irr(S^. ) given by (14 .71 . Proposition 14.5.21 implies that for any 

s a d £ S® d the product 

(Sad,7T> = n ( S sc,7r) (4.9) 

vev 

is independent of the lift s sc £ S® d of s a d and provides the character of a finite¬ 
dimensional representation of S'® 11 . 

Arthur's mediating function is now given by the simple formula 

p(A[s sc ,w],s sc ) = 1, 

where A[s sc , v\ is of course the transfer factor corresponding to s sc £ S“ de¬ 
fined above. This formula, together with equation (14.8b . which itself is a conse¬ 
quence of Proposition l4.4.ll imply the validity of 1 Artl3l Hypothesis 9.5.1]. 
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Appendices 


A Approximating the cohomology of a connected reductive group by the 
cohomology of tori 

In this appendix we will formulate and prove a well-known lemma about the 
Galois cohomology of reductive groups, for which we have not been able to 
find a convenient reference. 

Lemma A.l. Let h £ H 1 { r, G(F)). There exists a maximal torus T c G such that 
h is in the image of H 1 (T,T(F)) —» H x ( P, G(F)). 

Proof. We first reduce to the case that G is semi-simple. Let h a d £ // ' (T, G a< j) 
be the image of h. Let T C G be a maximal torus such that h M j is the image 
of hr ,ad £ H 1 ( r, T a d). The image of fi T ,ad in H 2 (T,Z(G)) is equal to the image 
of /i a d there, which is trivial. Hence there exists hr £ // 1 (T. T) mapping to 
hr, ad- Both hr and h have the same image in // 1 (T. G a d), so there exists hz £ 
H\T, Z(G)) such that hz • /it £ fT 1 (T, T) maps to h. 

We assume from now on that G is semi-simple and let G sc —G be its simply 
connected cover with kernel G. Let S C Vf be a finite set of places containing 
all v £ Vf for which the image of h in // 1 (L„, G) is non-trivial. Assume in addi¬ 
tion that S contains all archimedean places and at least one non-archimedean 
place. Let T C G be a maximal torus which is fundamental IKot86l §10] at all 
v £ S. Such a maximal torus exists by I PR94 1 §7.1, Cor. 3]. We consider the 
diagram 

H\T, G sc )-- H\ r, G)-- H 2 { r, G) 

H\ r, T sc ) —- H\ r, T) —- tt 2 (r, g) —- h 2 (t, t sc ) 

We claim that the image of h in H 2 (T, T sc ) is trivial. Indeed, it has the property 
that for v f. S its image in // 2 (1’,., T sc ) is trivial due to the definition of S, and 
for v £ S its image in // 2 (L„. T sc ) is also trivial because of !Kot86l Lemma 10.4]. 
The claim follows from a theorem of Kneser IPR941 §6.3, Prop 6.12] that asserts 
that T sc satisfies the Hasse-principle in degree 2. 

Let h' T £ lT 1 (r, T) be a preimage of the image of h in F[ 2 (T, C) and let h' £ 
H X (Y, G) be the image of h' T . It may not be the case that h = h' . Let G' be the 
twist of G by h' . Then T is a maximal torus in G' and we have the bijection 

H X {Y,G)^H 1 {Y,G'), y^yh'-f 

The image of h ■ h'~ x £ iT 1 (r, G') in H 2 (V 1 C) is trivial. Let h'f £ U 1 (r, G' c ) be 
a preimage of h ■ h'~ l . We claim that there exists h'f sc £ // 1 (r, T sc ) mapping to 
h'f. Granting this, let h'f £ // 1 (L. T) be the image of h'f sc . Then the image of 
h'f ■ h f in Il 2 (l\ G) is equal to h and the proof is complete. 

We will now prove the outstanding claim. For this, consider the diagram 

^(P. G'c)-- rUv Fi00 H l (V v , G' c ) 


H\ r,T sc )-- ^'(P-Tsc) 
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By work of Kneser, Harder, and Chernousov IPR941 §6.1, Thm 6.6] the top map 
is bijective. The right map is surjective by I Kot86l 10.2] because T SC/V is fun¬ 
damental for all v £ Vf.oc C S. Let (t v ) v ev Ft00 be an element of the bottom 
right term whose image in the top right term corresponds to h' s ' c . We claim 
that (■ t v ) v has a lift h'^ sc £ fT 1 (r,T sc ). For this we inspect the image of (t v ) v 

in fT 1 (r, T sc (A-p)/T sc (F)). Let vq £ S be non-archimedean. Then T SCj „ 0 is 

—■r„ 0 — r 

anisotropic, which implies that T sc , and thus also T sc , is finite. This in turn 

implies that the map 7r 0 (T sc ) —> n 0 (T sc °) is injective. This map is dual to the 
composition 

H\T Vo ,T sc ) A H\r,T sc {F Vo ® F F)) -»■ ir 1 (r, T sc (A-p) /T sc (F)), 

which therefore must be surjective. Hence we may augment the collection 
(t v ) v& v F , ao to a collection (t v ) ve v F ^uivo} so that the image of the new collec¬ 
tion in H 1 ( L, T sc (Ap-)/T sc (F)) vanishes. But then this new collection lifts to an 
element h'^ sc £ iT 1 (T, T sc ). The image of this element in the top right term of 
the above diagram is the same as the image of the old collection (t v ) „ g v Foo , 
hence the same as the image of /i". By the bijectivity of the top map this means 
that the image of h'^ sc in H 1 (T, G' sc ) equals h". □ 


B The Shapiro isomorphism for pro-finite groups 

Let A c L be two finite groups and X a group with an action of A. All groups 
are written multiplicatively. We have the A-equivariant homomorphisms 

X A IndA A X 

where i{x) is the function T —> X defined by i(x)(S) = Sx for 5 £ A and 
i( x)(j) = 1 for 7 £ T \ A; and j(f) = /( 1 ). It is well known that 

cor^ oi 

H k (A 1 X) H k (T, Ind^A) 
forest 


are mutually inverse isomorphisms for all k (if X is not abelian we only con¬ 
sider k = 0,1), where res and cor denote the restriction and corestriction maps 
respectively. 

Let now T be a second-countable pro-finite group (i.e. an inverse limit of a 
totally ordered countable inverse system of finite groups), A c T a closed sub¬ 
group, and X a smooth A-module (a discrete topological group with a con¬ 
tinuous A-action). Then j o res^ still makes sense and is still an isomorphism 
ISha721 Ch II,§2, Theorem 8]. On the other hand, the corestriction map does 
not make sense in this context. The purpose of this appendix is to show that 
nonetheless, the composition cor 1 ^ o i does make sense, and to give some ex¬ 
plicit constructions related to it. 

We shall construct for every fcsNa map £>£ : C k ( A, X) —> C k (T, Ind^A), that 
is functorial in X, commutes with the differentials on both complexes, and is 
a section of j o res^. For the construction, we will need a set-theoretic section 
s : A \ r — > T of the natural projection, normalized by s(A) = 1. We can think 
of s as a map r —> T that is invariant under multiplication by A on the left. Via 
the equation 7 = r( 7 )s(q) giving such a map s is equivalent to giving a map 
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r : r — > A that is equivariant under multiplication by A on the left and satisfies 

r(l) = 1. 


Write r = Mm I’,, where I’, are finite quotients indexed by the natural numbers 
with kernels l’ 1 , and A = Hm A,, where A, is the image of A in 1’, and A* = 
A fl r* is the kernel of A —» Ah 

Lemma B.l. The following are equivalent for each i: 


1. The composition F F —> F, is inflated from a map Fj 

2. s(a)~ 1 s(ab) £ T l for a £ T and b £ F*; 

3. The composition T A —> Aj is inflated from a map F, —» A p, 

4. r(a)~ 1 r(ab) £ A 1 for a £ T and b £ T 1 . 

We leave the proof to the reader. 

Lemma B.2. There exists a section s satisfying the equivalent conditions of the above 
lemma. 

Proof. For each i, we will give a section Si : A, \ F, —>• 1',, normalized by 
Si(Aj) = 1, so that for % and i + 1 we have the commutative diagram of sets 

Aj+i \ Ti+i->■ r i+ i 

Ai\Ti -——>■ Fj 

This is easy to do inductively: If Si is given, let oi,..., a n £ F, be its values, a 
set of representatives in F,; for the elements of A, \ F,. Choose a lift //., £ F, ;+1 
for each a,. Since Si is normalized we have a* = 1 for some k and then we 
take ak = 1. Moreover, choose a set h\ ..... b rn £ F J+1 \ F 1 of representatives for 
A* • r l+1 \ F’, again normalized so that bp. = 1 for some k. Then { b :i a ,,} is a set 
of representatives in Ti+i for A l+ i \ F', + i and hence provides s»+i. Composing 
each Si with A \ F A, \ F, we obtain an inverse system of maps A \ F —> F, 
and this system gives the map s. □ 


Given such a section s, the Shapiro map is defined by the formula 

S^( c )(a 0 ,...,cr k )(a) = r(a)c(s(a)a 0 s(acr 0 )~ 1 ,..., s(a)a k s(aa k )~ 1 ) 

= r(a)c(r(a)^ 1 r(acr 0 ),..., r(a)~ 1 r(aa k )), 

for any c £ C k (A, X), where we have presented the cochains in homogeneous 
form. Here a 0 ,... ,<Jk £ F are the arguments of the fc-cochain S k (c). 

Lemma B.3. For any <j 0 ,..., cr fc £ F, the assignment a S , £(c)(cr 0 , • • •, o>) is 

p 

a continuous A-equivariant map T —> X and hence belongs to Ind A X. Moreover, 
S A (c) : r fc+1 —> Ind A is continuous and T-equivariant, thus belongs to C k (T 7 Ind A X) 

Proof. By assumption c is continuous and hence inflated from C k (Ai,X A ) for 
some i. If we multiply either a or some cq by an element of F 1 , then accord¬ 
ing to Lemma fB.ll both r(a) and r(acrj) are multiplied by an element of A* and 
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the value of S£(cro: ■ • ■, Cfc)(a) is unchanged. Thus the map (a, a 0 ,..., &k ) | -t 
5£(cro,...,crfe)(a) is inflated from Fj. The equality S^(c)(ao,... ,ak)(Sa) = 
^S^(c)(a 0 , ■ ■ ■ , ak) (a) is immediately checked. Finally, given r £ T let r(ar) = 
r(a)r/ a T with i] aT £ A. Then the A-equivariance of the cochain c implies 

Sa(c)(tito, • • ■ ,Tcr k )(a) = r(a)c(r(a)~ 1 r(aTa 0 ) : ...,r(a)~ 1 r(aTa k )) 

= r{a)r Ja , T c{r ] - 1 T r{ay 1 r(aT<7o), ■■■, V ~M a )”M a ' ro 'fc)) 
= &A (c) (cr 0 ,..., (Jfc) (ar). 


□ 


If we replace the section s, or equivalently the map r, by another choice, say 
s and f, we obtain another Shapiro map ,S'£. We know a-priori that for any 
z £ Z k (A,X) the two fc-cocycles S&(z) and S^(z) will be cohomologous. We 
record here a formula for a 1-cochain whose differential realizes the required 
coboundary in the case k = 2. 

Lemma B.4. Assume that X is abelian. Given z £ Z 2 ( A, X) let 

c(o- 0 ,(Ti)(a) = z(r(aa 0 )r(aa 1 ),f(aa 0 )) ■ z(r(aa 1 ),r(aa 0 ),r(aa 1 ))~ 1 . 

Then dc = Si(z) ■ Sl(z)- 1 . 


We leave the verification to the reader. 
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